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Th.1 Binary System (10 Points)

Two stars A and B, that form a non-eclipsing binary system, have peaks of their blackbody radiation
spectra at 650 nm and 400 nm, respectively. We also know that the radius of star A is twice the

radius of star B.
a) Compute the difference between the absolute magnitudes of the stars A and B.

b) If the combined absolute magnitude of the binary system is 0.00, find the absolute magnitude
of each star.

Marking Scheme

a) From Wien’s law, we have: b = T - A, where b is the Wien’s constant, T is the surface
temperature of the star, and A is the wavelength corresponding to the maximum peak of

radiation. Hence,
Ta Ap
b=Ty - A=Tp-Ap=> — = —
A" AA B AB s s

The luminosity of a star is given by the Stefan-Boltzmann formula:

L = 47R?cT* =
La _ 4rR% 0TS
Lp 47TRQBUT§

Ra\? (Ta\'  (Ra\’ (25"
“(m) (7)) = () (32)
B <2RB)2 (400)4

Rg ) \650
~ 0.57

Now, we infer the luminosity-absolute magnitude relationship:

L7A _ 100.4(MB—MA) -

Lgp
1 Ly
AM =My — Mp = —ﬂbgw <LB>
1
~ 0.60

Note: Also accept 0.61 (possible due to rounding).

b) Denote by L = Ls + Lp the total luminosity of the binary system, and with M = 0 the
absolute magnitude of the system. We will compare these with the Sun’s luminosity Lg and

2pt

2pt

2pt
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its absolute magnitude M. Using the same formula as above, we get:

L — 100-4(Me—M)

Le
L _Latls_La Ly
Lo Lo Lo Lo

— 1004(Mo—Ma) 4 1(0-4(Me—Mp) 1pt
100-4(Mo—M) _ 100-4(Me—Ma) 4 100-4(Mo—Msz)
10-04M — 19=04Ma 4 19—04Mp _
— 10" 04(MB+AM) + 10~ 0-4Ms 1pt
10—0.41VI _ 10—0.4MB(10—0.4AM 4 1)
—0.4M = —0.4Mp + log,;(107%42M 1 1)

1
Mp =M + log,o(10704AM 1 1)
1
=0+ 52 log, (10704961 1 1) ~ 0.49 1pt
My = Mg+ AM =0.49 4 0.61 = 1.10 1pt

Alternative Solution b)
Denote by L = Ls + Lp the total luminosity of the binary system, and with M = 0 the
absolute magnitude of the system.

Li+1L L
M= My =—25log (ZATEBY — 95100 (14 28 2pt
La L
1
0— My =—25log 1+ ——
4 ©8 ( T 0.57)
My = 2.51og (2.74) = 1.10 1pt

We already calculated the difference in magnitude, which means we can easily calculate Mp
now:

AM = M4 — Mg = Mg = Ma — AM
Mp =1.1—-10.60 = 0.50 1pt
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Th.2 Speed of Asteroid (10 Points)

An asteroid moves in an elliptical orbit around the Sun. Its maximum orbital speed is 19.00 km/s
and its minimum orbital speed is 14.00 km/s.

a) Compute the eccentricity of the orbit.

b) What is the speed of the asteroid when it is exactly at either of the end points of the minor
axis of its orbit?

¢) A comet from near the outer edge of our Solar System reaches perihelion with an orbital speed
of 90.00km/s. At this instant, the asteroid is at aphelion and the comet, Sun, and asteroid
are aligned (comet-Sun-asteroid). Compute the distance between the comet and the asteroid.

Marking Scheme

a) There are some classical formulas regarding the speed of a celestial object at aphelion and
perihelion, respectively (a denotes the semi-major axis of the elliptic orbit, Mg is the mass of
the Sun, G is the gravitational constant):

[GMs 1+e [GMs 1—e
Umax = . 5 Umin = : 5
a 1—e a 1+e

Umaz 1+e
k=——=——k(l—-¢e)=1 ;
R (I-e)=1+eg

k-1 Umaz — Umin
e = =
k + 1 Umax + Umin

Numerically, the eccentricity of the asteroid’s orbit is:

e=(19—14)/(19 + 14) ~ 0.15

b) When being at distance r relative to the Sun, the speed of the asteroid is given by the formula:

o) = Jems(2 - 1),

When being at one of the co-vertices of the orbit, the asteroid is at the intersection between
the ellipse and the semi-minor axis, so r=a.
The orbital speed is, in this case:

M,
v(a) = ﬁ = VUmaz * Umin &~ 16.31km/s.

c) Because we are talking about a comet from outer edge of Solar System, we can safely assume
its orbit is a parabola. Since the total energy on a parabolic orbit is 0, the speed of the comet
is calculated via this formula (d is the Sun-comet distance):

2
oo [CMg o 26M,
d ’U’I%’LUAE

2 % 6.673 x 10711 x 1.989 x 103
Ay = 22 X(9><10Z)2 x ~ 0.22 au

Hence, a = 3.34 au, rmq: = a(l + e) = 3.84 au, this is the distance Sun-asteroid at aphelion.
Now, the distance comet-asteroid, in the given context, is simply:

D = dpin + Tmaz = 0.22 + 3.84 = 4.06 au
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Th.3 Where is Theodor? (10 Points)

Theodor is in a random city somewhere in the world. Using his knowledge of geography, he narrows
down the possible locations to the four cities listed below. Then, on October 20**, he measures the
time between sunrise and sunset and finds it to be t = 10742™.

Can you help him figure out which city he is in? Ignore atmospheric refraction and Sun’s apparent
size.

a) Compute the Sun’s equatorial coordinates on that date. (Consider that the sun moves with
constant velocity on the ecliptic from the autumn equinox onward)

b) Based on the measured daytime duration ¢, determine which of the four cities Theodor is in.

¢) On this day, exactly at the moment when the Sun sets for Theodor, determine the geographical
coordinates of the point on Earth where the Sun is directly overhead.

1)Kutaisi ((p=42.27° N, 1=42.66° E)

3)Mumbai ((p=18.96° N, L=72.83°E) 4)Chorzdw (= 50.31° N, L=18.97° £}

Marking Scheme

a) Compute the Sun’s equatorial coordinates on that date. (We consider that the Sun moves
with constant velocity on the ecliptic).
On 22"? September, we can consider Ag = 180° (also 23"% September)

As =0°/180° + x 360°

365.25

where D is the number of days between the chosen point and 20" of October.

As = 207.6° 206.6°
sind = sin B cose + cos Ssine cos(90° — )
sind = sinesin A (Since 8 =0°)
5= —10°38’ ~10°16'
cos A
cosa =
cosd
a = 13"42™ 13"38™

0.5pt
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Note: We would give 75% for students computing « directly, considering constant velocity on
the equator.

Note: We would give 25% for students using Euclidian geometry instead of spherical trigonom-
etry.

b) Based on the measured daytime duration ¢, determine which of the four cities Theodor is in.
c0s(90° — h) = cos(90° — ) cos(90° — §) + sin(90° — ¢) sin(90° — &) cos H

.0 =sinypsind + cos ¢ cos d cos H
cos H = —tangptand

Note: If students write the last formula directly, they receive the maximum.
ty=H+12h+n—L+n+ D.S.T.
but all are constants (we can consider 7 constant for a day), so
At ~ AH

Considering that the two solutions for cosx = ain|0, 27] are © = arccosa and z = 27 —
arccos a, that means ¢t = 2 arccos(— tan ¢ tan d) (after conversion to hours)

tp = 10M42™ ) t, = 12"35™ ) t3 = 11"31™, t, = 10"16™,

Theodor is in city 1: Kutaisi

Note: We award full points for the calculation of both solutions for H for each city and for
calculating the time as their difference.

c) For the sun to be viewed as directly above (hg = 90°), the condition is ¢ = §
o =—10°38
L =12h —Teur
Teyr=H+12h - L
L =37°47" W or 37°1' W if using 23 sept.
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Th.4 Exploring NEAs (10 Points)

Near-Earth Asteroids (NEAs) are small rocky bodies orbiting the Sun in the vicinity of Earth’s orbit.
A science mission designed to study a NEA target is operating a spacecraft that will make its closest
approach to the target at a distance of A, = 100 m. One of the instruments aboard the spacecraft
is a CCD camera called the Asteroid Framer (AF), which can acquire images in the V-band at an
effective wavelength of A = 550nm. After the mission launched, the operations team conducted
initial tests by acquiring images of the Earth using the AF camera with an aperture diameter of
D = 10mm. At that time, the spacecraft was at a distance of d = 1.5 x 10° km from Earth. The
Earth was observed on the images within a photometric aperture of ag, = 60 pixels in diameter.

a) Compute the pixel scale in arcseconds per pixel.

b) Estimate the linear diameter of the smallest morphological feature that can be observed on
the surface of the asteroid at the closest approach.

The saturation test on initial images showed Earth was just over-exposed at 10s exposure time and
just under-exposed at 0.5s (under-exposed means signal-to-noise ratio < 5). Using this data, the
operations team can determine the exposure time interval allowed to observe the NEA target, which
has the expected albedo of A = 0.10. Ignore phase angle.

Note: Assume that the detected signal is proportional to the object’s surface brightness and the
exposure time, and that the surface brightness is proportional to the albedo divided by the square
of its distance from the Sun.

¢) Determine the corresponding exposure time interval for which the planned observations of
the NEA target at the closest approach will be successful without any under—exposure or
over—exposure. At that time, the target will be located at ryga = 1.20 au from the Sun.

Marking Scheme

a) The pixel scale can be calculated as the ratio between the angular dimension and the correspond-
ing number of pixels within which it is observed,

2Rg/d
Qg
Numerically,
2><6.378><103X180><3600X1 - /pi 1ot
= — = 29 arcsec/pix
1.50 x 106 B 60 P P
b) First, we apply the Rayleigh criterion to quantify the diffraction effects,
A 1.22x 550 x 1079 180 x 3600
g=1920 = 22X 00X M JOOX
D 0.01 m T
= 13.8 arcsec 0.5pt
The minimum angular separation calculated above is less than the angular resolution of the camera:
0 < s x (1 pix) 0.5pt
Thus, the minimum size of a detectable feature should be comparable to the linear projection of a
single pixel:
I =sx(1pix) x A, 1pt
Note for graders: Solutions using 2 or 3 pixels for the estimations will receive full scores.
Numerically,
I =29 arcsec x T« 100 m = 1.4 cm 1pt

180 x 3600
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c) The detected signal per pixel is proportional to the product of the surface brightness of the object,
measured in W/(m?-sr), and the exposure time:

S x Bt

The surface brightness is due to the sunlight reflected by the object, so it is proportional to the
albedo and the inverse of the squared heliocentric distance:

A
B x 7‘72
Comparing the surface brightnesses of Earth and the NEA target, one gets:

Bypa  Axear?
- 2
Bg AgTEA

Remark.The surface brightness is independent of the distance between the sensor and the extended
target. Both Earth and the NEA target are extended objects (not point-like sources).

Both objects should be observed under the same conditions (appropriate exposure times), so one
can consider similar signal levels recorded for both objects. Thus, considering the first equation:

2
" —¢ Agrxea
NEA = lEarth X >
ANEATE,

Numerically,

0.30 (1.20

INEA = tRarth X ——= X 100

2
= 4.32tg.,
0.10 ) Earth

The exposure time interval will be:
2.16s—43.2's
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Th.5 Ceahlau Mountain (15 Points)

Ceahlau Mountain is located in Neamt County, not far from the city of Piatra Neamt. An observer
on the top of the mountain (¢ = 46°53'57" N, L = 26°24’41" E, altitude h = 1907 m above sea level),
looks at the starry sky, making observations of the star Almach in the constellation Andromeda.

a) Determine whether, from the top of Mount Ceahldu, the star Almach (v AND, o = 02"03™54%,
§ = 42°19'47") is circumpolar. The radius of the Earth is known to be Rg = 6378 km.

b) In 1778, it was discovered that v AND is a double star. The two stars are separated by an
angle of about 10”. What should be the diameter of the objective lens of a telescope to see
the two components distinctly (the wavelength is known to be A = 550 nm)?

c¢) It was later discovered that the Almach star is a multiple star system consisting of the primary
component vy, (A) with apparent magnitude m; = 2.27 and a subsystem - with apparent
magnitude my = 4.84. Calculate the apparent magnitude of the system consisting of the star
~v1 and the subsystem ~s.

d) What is the absolute magnitude of the star, knowing that it is approximately 355 light-years
away?

Marking Scheme

a) A circumpolar star is a star that, viewed from a certain latitude on Earth, never sets below the
horizon, so when the minimum altitude is 0. It follows that to be circumpolar, the minimum
declination

S = 90° — 0 = §,, = 90° — 46°53'57" = 43°6'3" at sea level.

Considering atmospheric refraction o = 34’, §,, = 42°32'3"”, therefore, at the given latitude,
the Almach star is not circumpolar.

At an altitude of 1907 meters, the horizon appears to drop.

~ 1.4°

cosf = i = arccos R
" R+h R+h

Om = 90° — p — o = 41°8’

so from Mount Ceahliu, the star Almach is circumpolar.

b)
1.22) 1.22)
=" p=""0C
D [z
0 =10" =4.84-10"°rad
D~ 14mm

¢) From Pogson’s law % = 1004 (m2—m1)
FE; =10.537 - Eo
Total brightness (amount of energy per unit time per unit area): E = E; + F»
E =11.537- F»
By

“Logpmm

E
m =217
d)
M=m+5-5"logio(d)
d = 3551y = 108.896 Pc
M = -3.04
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Th.6 The Flying Aquila (15 Points)

Radu is observing the night sky from Aveiro (¢ = 40.67°N; L = 8.65°W in the year 2024.

During his observations, he sees Altair (@aztair — 19"51™; Sapair = 8°55'50”) rising at local solar
time Tyoca;1=22:39:43. Later, at local solar time Tpoca),2=02:42:58, he observes that Altair and
Arcturus (0 arcturus = 19°33’6”) are at the same altitude. The observations are made from sea level.
Ignore atmospheric effects.

a) Determine the sidereal time at the moment Altair rises.

b) Determine the current date (at the moment Altair rises). Ignore the equation of time, and
consider that the right ascension of the Sun is increasing uniformly through the year, at a rate
of 3™56° per day. The spring equinox occurs on March 21st.

c¢) Determine the right ascension of Arcturus. Take into account that Arcturus is in the Western
hemisphere of the sky at Trocal,2-

Note: In your solution, please use the following notation: a - altitude; H - hour angle; 8- declination;
o- right ascension

Marking Scheme

a) Drawing of the spherical triangle: North Celestial Pole — Zenith — Star

£
3604
90
90"-a
pucé_ M
90°-8§
altair

Using the spherical law of cosines in the previous triangle:

Sin a Alteir = Sin @ sin O Altair + COS ® COoS 0 Altair €08 H At qir

At its rising, neglecting horizon effects and refraction, the altitude of Altair is aajqir = 0°.
Therefore sina ajtq:r = 0 and

Sin  sin 6 Ajtqir + COS © €08 0 Ajtair €08 H ajtair = 0
This allows us to calculate Altair’s hour angle
cosH artair = — tan p tan d astair

HAltair = +6h31m

2pt
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i.e. it will rise 6h31m before crossing meridian When it is at meridian Tg;gerai = QAltair = 1Pt

19h51m 1pt

Tsideral = 19h51m — 6h31m = 13h20m 1pt

b) When Altair rises, Tjocar = 22 : 39 : 43, Hgyn = 10: 39 : 43 1pt
As sideral time is known H, = 13h20m 0.5pt

Asun = 2h40m17s 1pt
40.75 days after ~y 0.5pt

1st May 1pt

c) Since the change in ag,, in the span of a few hours is negligible, we can claim that
AT‘Local ~ ATSideral

Therefore, when the stars are at the same altitude:

TSider(le,2 ~ TSiderasl,l + TLoccal,2 - TLoccal,l
= 13h20m + 2h43m — 22h40m

= 17h23m 1pt
The same reasoning as in part a) applied to both Arcturus and Altair allows us to write
SN @ Aj¢air = SiN @ SIN 0 Atair 4 COS  €OS 0 Altair €08 H Ajtqir

sin A Arcturus = sin %2 sin 6Arcturus + cos @ COs 6Arcturus COs HArcturus 1Pt

Since aajtair = @Arcturus, We can equate the two expressions and solve for the hour angle of
Arcturus:

. . ] , . .
sin ¢ sin d aizair + €OS © €OS 0 Ajtair €08 H'ypp i — SN @ SIN O Arcturus

COS ¢ COS 6Arcturus

cos H orcturus =

Solving this equation, we obtain:
H Arcturus € {3R10m365s; 20h49m30s}

Since Arcturus is in the western hemisphere of the sky, the valid solution is Harcturus =
3h10m36s 3pt
Results between 3h9m and 3h12m should receive full marks. Since the sidereal time

and the hour angle of Arcturus are both known, we can now calculate its right ascension:

QArcturus — TSideral,2 - HArcturus

A Arcturus ~ 14h12m ]-pt
Results between 1/h10m and 14h18m should receive full marks.
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Th.7 Lunar Eclipse (30 Points)

On September 7" 2025, there was a total lunar eclipse, visible from Australia, Asia, Africa and Eu-

rope.

A detailed lunar eclipse figure, obtained from the website eclipsewise.com of eclipse predictions

by Fred Espenak, is shown below. Based on the figure, respond to the following items:

a)

b)

Measure the inclination between the orbit of the Moon around the Earth and the Ecliptic
plane. The orbit of the Moon is assumed to be circular.

During the total eclipse phase, the moon appears red in colour. Which of the following factors
are necessary to explain this red colour? Write their item letters in the aswersheet.

A) Density of atmosphere

B) Albedo of Moon

C) Orbital radius of Moon

D) Albedo of Earth
E) Effective temperature of the Sun

Measure the angular diameter of the Moon. Knowing the value of the radius of the Moon,
calculate the Earth - Moon distance during the eclipse, in kilometres.

Measure the angular diameter of Earth’s umbra and the angular diameter of Earth’s penumbra.

What is the instantaneous angular velocity of the Moon relative to the observer, during the
total eclipse? Give the answer in arcminutes per hour (’/h).

On 26 June 2029, a central total lunar eclipse will take place. This means that the centre of
the disk of the Moon will pass through the axis of Earth’s umbral shadow (see figure below).
If the angular velocity is assumed to be the same for the two eclipses, by what percentage will
the 2029 total lunar eclipse last longer than the one in 2025 (percentage to be calculated of
the totality duration in 2025)?

Calculate the total duration of the eclipse in 2029 (from Penumbral first contact to Penumbral
last contact).
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Total Lunar Eclipse of 2025 Sep 07

Greatest Eclipse = 18:12:58.0 TD (= 18:11:46.1 UT1)
Penumbral Magnitude = 2.3459 Gamma =-0.2752

Umbral Magnitude = 1.3638 Axis = 0.2721°
Sun at Greatest Eclipse
(Geocentric Coordinates) N

R.A. = 11h06m09.1s
Dec. = +05°45'47.6"
S.D. = 00°15'52.4"
H.P. = 00°00'08.7"

Earth’s Penumbra

Earth’s Umbra

Ecliptic .

A

Saros Series = 128
Saros Member = 41 of 71

Moon at Greatest Eclipse

(Geocentric Coordinates)
R.A. = 23h06m40.4s
Dec. = -06°00'08.9"
S.D. = 00°16'09.8"
H.P. = 00°59"19.1"

Y

P1

U1
Eclipse Durations !
Penumbral = 05h27m22s S
Umbral = 03h30m02s
Total = 01h22m41s
L L 1 L 1 1 1 1 J
Eph. = JPL DE430 0 15 30 45 60
Rule = Herald-Sinnott AteMinutes
AT= 72s ©2020 F. Espenak, www.Eclipse Wise.com

60° N

30° N
[}
=}
-
=R
©
i -
M \ All Eclipse
30°S ~\ | Visible
60°S [~ \

MoonSet
\ ‘\7
~ 4

Eclipse Contacts
P1=15:28:06 UT1
U1 =16:26:51 UT1
U2 =17:30:37 UT1
U3 =18:53:18 UT1
U4 =19:56:53 UT1
P4 =20:55:28 UT1

VY
Eclipse at

\

o
Longitude

180° E

COURTESY OF 2151 CENTURY CANON OF Lunar ECLIPSES, FRED ESPENAK, ASTROPIXELS PUBLISHING, 2020
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Total Lunar Eclipse of 2029 Jun 26

Greatest Eclipse = 03:23:22.5 TD (= 03:22:08.8 UT1)

Gamma = 0.0124 Saros Series = 130

Penumbral Magnitude = 2.8282
Axis = 0.0121° Saros Member = 35 of 71

Umbral Magnitude = 1.8452
Moon at Greatest Eclipse

Sun at Greatest Eclipse
(Geocentric Coordinates) N (Geocentric Coordinates)
R.A = 06h21m03.1s | R.A. = 18h21m02.6s5
Dec. = +23°20'50.2" Dec. = -23°20'06.9"
S.D. = 00°15'44.1" 5.D. = 00°16'00.4"
H.P. = 00°58'44.7"

H.P. = 00°00'08.7"

Ecliptic

Earth’'s Umbra

Earth’s Penumbra

30
Arc-Minutes

Marking Scheme

a) The angle of inclination measured is about 5° — 6°.

b) A) and C), each correct option 4+2pt, each wrong option -1pt
Note for graders: the minimum score on this part is 0, no negative score can be obtained.

4pt

4pt
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Total Lunar Eclipse of 2025 Sep 07

Greatest Eclipse = 18:12.58.0 TD (=18:11:46.1 UT1)

Penumbral Magnitude = 2.3459 Gamma = -0.2752 Saros Series = 128
Umbral Magnitude = 1. Saros Member = 41 of 71

SR

Wiy

Sun al Grealest Eclipse \ 50 60 8 1,7 7, Moon at Gr :
(Geocentric Coordinates) AG _\_H\]}O 90/ l (Geocentric Coordinates)
- \ . Vg .
A= hwi 10,120 1ig A0 0 na - mmomios
i 80 epmepenunina 100 I 7,77, Dec = 0070008 Y
S.D. = 00°15'52, ] So % 7280, = 00°16109.8
HP. = 00°00' f\, (

& N\ 7y = 00°59'19.1"

Ecliptic

Eclipse Durations Eclipse Contacts
Penumbral = 05h27m22s s P1=15:28:06 UT1
Umbral = 03h30m02s U1 = 16:26:51 UT1

Total = 01h22mdis U2 = 17:30:37 UT1

U3 = 18:53:18 UT1

Eph. = JPL DE430 (1] 15 20 45 0
ph : . U4 = 19:56:53 UT1
Rule = Herald-Sinnott .
) P4 =20:5528 UT1
AT = 72s £2020 F. Espenak, www. Eclipse\Wss.com

c¢) The scale of the image is given at the bottom of the page. From there, we find the correspon-
dence 2.5 cm — 60 arc-minutes.

Note for graders: Distances in cm may change due to scaling, but answers in
arcmin should remain the same.

Measuring the diameter of the Moon on the figure, we get 1.6cm.

Applying a simple proportion, we determine the angular diameter of the Moon to be:

1.3 em x 60’
AdMoon = ——————— = 31.2/
M 2.5 cm 4pt

Answers between 31" and 32’ are accepted (lack of precision due to ruler markings).
The angular radius of the moon will be:

d oon
Moon _ 15 6/ ~ 16/

T"Moon = 9 lpt

The linear value will be:

RMoon = DEartthoon X Sin(rMoon) =1737km

Raroon 1737
Do — - ~ 373200 k
Earth—Moon Sin(rMoon) sin(16’) m Zpt

Answers between 1730km and 1790km are accepted (corresponding to 15.5" and 16').

d) Similar to point ¢, we measure the diameter of Earth’s umbra — 3.7 cm — and the diameter of
Earth’s penumbra — 6.3 cm.

The angular diameters will be:

3.7 60’
dumbra = —Cm X = 89/ = 1029I
2.5em
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(88" - 90")
6.3cm x 60’
denumra: 7:11/:20 ].I
P b 2.5em g 3

(150" - 153"

To determine the velocity, we choose a time interval (for example, between U2 and U3) and
we measure on the figure what angular distance the moon traveled along its trajectory during
that time.

Atys_ys = tys — tyz = 18"53™18° — 17"30™37°

AtUg_Ug = 1h22m413

The linear distance travelled by the Moon between these two times is Alys_ye = 1.9¢m,

which corresponds to:
1.9c¢m x 60’

2.5cm
(45’ - 47’) The angular velocity will then be:

=45.6'

Alys_ys  45.6/
Atys_ys  1h22m41s

WMoon = ~ 331//h

(32.5'/h - 34.1'/h)

Since for this point we have the angular velocity and we want to determine the duration of
the total eclipse, we need to measure the distance that the Moon travelled during the totality.
First, we need to establish the scale of the new image. Here, 2.7 cm correspond to the 60’.

Now, by measuring the path of the Moon, we get 2.5 cm.
The angular path will then be:

2.5c¢m x 60
Altotality = 9 7cm7 = 5556/

(55’ - 57)
The duration will be:

Alitotalit 5556/ hq41m
Atiotatity = wMoony = 33,1771 = 1.69 hours ~ 1"41

(1.6 - 1.75 hours), (1h36m - 1h75m) The difference between the totality durations will be:
Atotality2029 — Atrotatity2025 = 1"41™ — 1"22741° = 18™19°
Expressing it as a percentage of the 2025 duration:

Atyotality2029 — Atiotatity2025 _ _18m19°
Attotall'tg/2025 1h22m41s

~ 22.15%

(15.7% - 26.6%)

To calculate the duration of the eclipse, we need to first measure the distance the Moon travels
between P; and Py: 8.2 cm.

8.2cm x 60’

Aleclipse == W = 30370 ~ 302/13//
(3-3.1)
Alee; 3.037 x 60/
Ateci se — COUPRE = ~55h ~ 5h30m
i WMoon 331,/h ours

(5h17m - 5h42m)

6pt

0.5pt

0.5pt

1pt

1.5pt

0.5pt

0.5pt

0.5pt

2pt

2pt
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Th.8 Roche Limit, Hill Sphere, Lagrange Points (40 points)

The following astronomical data are given:

e The masses of Mars Mys and the Sun Mg, are expressed relative to Farth’s mass Mg: My =

0.107Mg and Mg = 333054 M.

The mean Mars-Sun distance is ry;s = 1.524au and we consider that Mars has a circular
orbit.

The mean Earth-Sun distance is rgg = 1au = 1.496 x 10 m and we consider that Earth has
a circular orbit.

Mars’s moon Phobos has a mass equal to Mppopos = 1.5 x 1078 Mys;

Earth’s sidereal period is Ps;qqp = 1 year = 365.2564 days;

The average radius of the satellite Phobos is approximately Rppobos = 12.5 km;
The radius of its orbit around Mars is dpnoposyr = 9380 km;

Phobos is spiraling inward towards Mars at the constant rate of 1.8 cm/yr.
You can use the following approximation:

(I14+2)" =1+ nz,when x << 1.

Roche limit is the boundary inside which the tidal force of the planet on a small mass is more
than its self-gravity.

Derive the formula for the L; Lagrange point (distance between secondary body and the L,
point) and calculate its numerical value for the Sun-Mars system. Find the ratio of Phobos’s
orbital radius to this distance.

Derive the formula for the Lo Lagrange point (distance between secondary body and the Lo
point) and calculate its numerical value for the the Mars-Phobos system.

Derive the formula for the Roche limit of the Mars-Phobos system. How long would it take
Phobos to reach this limit? It is known that it approaches the surface of the planet during its
rotation and will either collide with it or begin to disintegrate, forming a ring. The satellite is
considered to be solid.

Calculate the distance I between the Lagrange points L; and Ls for Sun - Mars system.

Marking Scheme

a)

For the Lagrange points L1 and Lo:




L ]
@ﬁOAAo International Olympiad on Theoretical Round
oA P A TN 538 Astronomy and Astrophysics for juniors 2025 Romania Page 17 of 26

For Mars in orbit around the Sun:

Fop=Fsy
My M
Myw?rys = Gi”j © 2pt
TMms
" /GéW@ 1pt
T
MS
For a body of mass m at L:
9 mMg mMy
mw*(rpys —xr1) =G -G 2pt
( 2 (rus —xr1)? 2% P
Mg Mg My,
rmMs — X = —
7““;’45( M) S G an ) T1
M M Tms — X 2
7 (rus —w1)® = Mg — l = )
TMms T
x 3 r 2
M, <1—“> = My — My (MS—1>
rMS L1
Now, 11 << rprs, which means that % << land TzMTlS >> 1. Thus we can use the following
approximations:
3
(1_xL1) ~1_gtn 2pt
TMS TMS
and
™S 1~ rMS 1pt
T T
M., (1 - 3“1) = My — My (TMS)
T™MS Tr1
Mo Py, (M/[S)
TMS Tr1
My
$3i1 = 73M@ 7“:13»15
My
= 3 2pt
Tr1 =TMs 3, p
Numerical value for Sun-Mars system:
0.107M,
= 1.524 x 1.496 x 10" x @/ ————%
oL 3 x 333054 Mg
zr1 = 1.08 x 10%m = 1.08 x 10%km 2pt

Comparing this with Phobos’s orbit, dpnoposar = 9380 km, we obtain: ‘i”’;% ~9x1073. 1pt

b) For a body of mass m at Lo:

2 mM@ mM]\/[
=G G
mw=(rys + r2) (rats + 12)° + 2, 2pt
M, M M
7= (rus +T12) = > 3 T 2M
"Ms (rms +xr2)® @1,
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M, My (rys + xr2)?
3@ (TMS + -TL2)3 — M@ + ( > L2)
™Mms TLo

3 2
X r
M., <1+L2> = My + My (MS+1>
T™mMS TL2

Now, x12 << s, which means that % << 1land ?T’f >> 1. Thus we can use the following

approximations:
3
(wa) ~ 143702 2pt
T™mS TMS
and
r r
MS Tl MS 1pt
TL2 TL2

2
M, (1 +3m> = Mo + My (WS>
TMS xrr2

2
TL2 TMS
3Mo—E2 = My, ()
™S L2

3 _ M 3
Tro = 73M®TMS

M
Tra =TMs{ 371\4 2pt
\/ 3Mo

The position of the Ly point for the Mars-Phobos system will be at a distance equal to:

3 MPhobos

12 = dPhobosM Wi
M

/1.5 x 10-8M)y,

= 9380 x
rr2 3Myy
Tr2 ~ 16km 2pt
The Lo point is close to Phobos’s surface Rppopos = 12.5km.
c¢) For the Roche limit:
We calculate the tidal force experienced by Phobos due to Mars’s gravitational influence. That
is, the difference in gravitational attractions exerted by Mars on a material point of mass m,
located on the surface of the satellite, and the same mass m located at the center of Phobos:
mMM mMM
Fiiga =G -G 4pt
trda (dPhobosm — RpPhobos)? A% obos P
mMy mMpyy
Fiida = G -G

2 d2
d2 1— Rphobos PhobosM
PhobosM dPhobosM
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We take into account the relationship Rphnobos << dPhobosir, Which means d]?;hﬁ << 1and
we can use the approximation given in the problem:

—2
RPhobos RPhobos

1 tPhobos ) 4 g tPhobos
d PhobosM dphobosM

M R 000s
Fogy — G My (1 4 o BPhobos 1)

d?’hobosM dPhobosM
mMM RPhobos
Ftidal = 2Gd—
PhobosM

The gravitational attraction felt by the point of mass m due to Phobos’s influence is:

mMppob

Fgmv — GR27005
Phobos

The Roche limit corresponds to the equality of the two forces:

Fiiga = Fgra'u

GmMPhobos _ 9 mMy Rphobos
R? n a3
Phobos PhobosM _Roche
d3 — Qﬂ R3
PhobosM _Roche — M Phobos
Phobos

M
dPhobosM,Roche - RPhabos m
Phobos
M
dPhobosM,Roche =12.5 Y 2m

dPhobosM,Roche = 6386km

To calculate the time it would take Phobos to reach that radius around Mars, we need to
compute the difference in radii:

Ad = dPhobosm — APhobosM_Roche = 9380 — 6386 = 2994km

Ad 2994000

A: =
b= T 1sx102 ¢

ars = 1.67 x 10% years

Alternative solution, which will receive the maximum number of points (15 points):
Students might calculate the Roche limit by modeling the satellite as two spheres of mass
%, with density equal to Phobos’s density.

The radius r of such a sphere will be:

2 % 47TT3 _ 471—R?°hobos
3 3
_ RPhobos

V2

The gravitational force between the two bodies will be:

M2
F oy = G Phobos
g 4(2r)2

The difference in the gravitational force due to Mars will be:

MMMPhobos el M]\/IMPhobos

AF =G
2(dphobosm — 1)? 2(dphobosm +1)?

2pt

1pt

1pt

1pt

2pt

2pt

1pt

1pt

3pt

1pt

2pt

2pt
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Myt Mppobos 1 1
AF = ¢ M Phob d . ;
2(dPhobosM) (1 — T ) (1 + = T )
Phobos M Phobos M
Using the approximation given in the problem:
MMMPhobos < 2r 2r )
AF~G—""— 1+ -1+
2(dphobosnr )? dPhobosM dPhobosM
AF ~ G Mt Mphobos 4r

2<dPhobosM>2 dPhobosM
MMMPhobos X 2r

AF ~ G
(dPhobosnr)? 2pt
The Roche limit corresponds to the equality of these two forces:
MMMPhobos X 2r — Ml%hobos
(dPhobosMRoche)3 4(2T)2 2pt
327'3 _ MPhobos
(dPhobosM Roche)s MM
32R} obo0s _ Mphobos
2(dphobosM Roche)® My
lo My
dPhobosM Roche — 2RPhobos Y 2m lpt
dPhobosM Roche =— 12772km lpt
This means that Phobos is already closer to Mars than the Roche limit. 1pt

d) Determining the CM of the Mars-Sun system: Let dg be the distance from the center of the
Sun to the center of mass CM, and d the distance from the CM to the Lagrange point Ly.




L
@ﬁOA Ao International Olympiad on
ot P TGN 258 Astronomy and Astrophysics for juniors 2025 Romania

Theoretical Round
Page 21 of 26

Distance [ calculation between Lagrange points L4 and Ls:
2 2 dirs
h® =dy g — 4 = h =1.32AU

[l =2h =264AU

3pt
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Th.9 Lightcurves (40 points)

(A) Transiting Exoplanet

The figure below presents the light curve of an exoplanet transit. On the X-axis are represented
the days elapsed since the first observation, and on the Y-axis is shown the percentage of the
average luminosity by which the brightness of the system increases or decreases relative to the
average brightness of the star, that is: 100 x L) —Laoverage

Planet Radius
Star Radius °

Determine the period P of the

Laverage

planet and the ratio

y
F0.2 * -
. .
.
. * .
0.4 . i
.
2 .
. . . H
: { :
064 ;) ] . . o
+ . . :
. H -1
’ ¥ 7 3 '
0.8 % % _
; 3
H
Fro DArs 5 10 15 20 1
!

Note: On Y-axis 0.2 means 0.2% and 1.0 means 1%

(B) Eclipsing Binary Star System

Another type of object with an interesting light curve is an eclipsing binary star system. The
lightcurve of such an object is presented below, with the X-axis representing days since the

start of the observing mission, and the Y-axis representing the relative brightness of the system,

L(t)

that is: £ . We know that the smaller star is hotter than the larger star. Calculate the

Small Star Radius
Big Star Radius *

average

period P of the system and the ratio

Brightness
c ¢
(] o

o
o0

o
~

2145 2150 2155 2160 2165
Time (days)

Note: On Y-axis 0.7 means 70% and 1.0 means 100%

Marking Scheme

(A) Transiting Exoplanet (15 pt)

To calculate the period, we can proceed in different ways. The most straightforward way is to
measure the distance between two consecutive minima in cm in the figure. Then, by measuring
the distance between the 5 and 10 day marks, we can compute the scale of the figure on the
OX axis. We then use this scale to calculate the period of the planet.
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I T T T T

&
~renl,
LY
L
.. =
sl ot

i i /
0.8 ; 1 ';‘ }
<
Fio DAYS 5 10 15

-8
1

5 days ... 2.6 cm.
The scale will be 1.92 days/cm. The distance between two consecutive minima is 2.5 cm.
The period will then be:
5
P=25x 26 ~ 4.81 days

Note for graders: The calculated scale might be different due to printing/zoom
figure changes from the initial problem writing to the final version. However, the
value of the period will not be affected by this. Answers within £0.1 days will
receive full points

For a lower error in determining the period, we can measure longer distances on the paper:

e To determine the scale, we measure between the 5 and 20 day marks: 15 days ... 7.8 cm

e To determine the period, we measure the distance between the first and the one before
last minima (the last one is not fully visible) and then we divide the distance by the
number of periods: 10 cm divided by 4

10 15
P==x 2 ~48ld
g X 7g A8l days

Note for graders: Both methods will receive the maximum point score.

To calculate the ratio of the radii, we start by noting the minimum value in percent as n%.
From the description of the OY axis, we can write:

100 x Ltransit - Laverage _

La’uerage

This is just the formula given in the problem, written explicitly for a transiting moment of

time.
n

Ltransit - Lavera e — X Lavera e
777100 g

where Loyerage 1S the average luminosity of the system (the luminosity of the star without
transit), and Lirqnsit is the luminosity of the system at the minimum caused by the transit.
Liransit can be written as:

Lavera e
Ltransit = e 7TR2 - 7TT2
e )

Here R is the radius of the start and r is the radius of the planet. The calculation of n then
becomes:

n

Lavera
ge 2 2 —
(WR —Tr ) - Laverage - 100 X Laverage

TR2
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(r )2 __n [n|

R/~ 100 "R V100

Now we need to determine the scale of the figure on the OY axis. Measuring the distance
between —0.2% and —0.8%, we get 2.2 cm. Thus:

0.6% ...

The depth of a minimum varies between 2.8 and 3.2 cm, depending on which minimum is
chosen for the analysis. For the purpose of this problem, any value in the 2.8 — 3.1 interval will
receive the maximum point score, as well as measuring all minima and taking an average of the
depth of the transit (a more accurate method). The numerical value here will be calculated
for 2.9 cm.

2.2 cm.

0.6
In| = 2.9 x 35~ 0.79%

o Planet Radius
R~ Star Radius

For the extremes values we would get:

~ 0.09

o Planet Radius
R~ Star Radius

r _ Planet Radius
R Star Radius
By rounding the answer to the correct number of significant digits, we obtain the same result.

~ 0.087 ~ 0.09

~ 0.093 ~ 0.09

(B) Eclipsing Binary Star System (25 pt)

1.0
i
29
5
= 0.8

0.7

2145 2150 2155 2160 2165
Time (days)
The scale of this figure on the OX axis is: 20 days ... 9.1 cm The measured value corresponding

to the period is 1.1 cm.
We then get the period:
20
P=11x 91 ~ 2.42 days

Note for graders: The calculated scale might be different due to printing/zoom
figure changes from initial problem writing to final version. However, the value of
the period will not be affected by this. Answers within £0.1 days will receive full
points

The average luminosity for a binary star system is:
L(werage = LR + L,

where Lp is the luminosity of the large, cooler star of radius R and L, is the luminosity of the
smaller, hotter star of radius r. During the secondary minima (smaller, hotter star transiting
the bigger, cooler star), the luminosity of the system will be:

L
LSecondary =L, + Tﬁé‘; (7TR2 — TI"I“Q)

5pt

3pt

2pt

6pt
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During the principal minima (smaller, hotter star completely eclipsed by the bigger, cooler
star), the luminosity of the system will be:

LPrimary =Lgr
The corresponding luminosity ratios are:

n _ LPrimary _ LR
Primary — -
Y L(werage LR + Lr

L 2 2
LSecondary _ LT + 7r1§2 (ﬂ.R —Tr )

Secondary Laverage LR + Lr
_LR+LT‘7LRX%22_1 LR TQ
NSecondary = LR + L, - m X ﬁ
2

r
NSecondary = 1- N Primary X R2

1- NSecondary

r
R N Primary

From the figure, we measure the Y-scale: 0.2 ...1.1 cm Then, 1 — nprimary Will be, in cm:
1.8 cm.

0.2
NPrimary = 1 — 1.8 X 11- 1—-0.327 =~ 0.67

1 — nsecondary Will be, in cm: 0.9 cm.

0.2
NSecondary = 1-09x ﬁ =1-0.16~0.84

r /1—-0.84
—=4\/—F=~=04
R 0.67 049

40.02 values accepted for full marks

6pt

5pt

3pt

3pt

2pt



