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Data Analysis 1: Scaling Relations (75 points)
Please read the general instructions in the separate envelope before you start this problem.

Spiral galaxies are disk-like rotating structures, whose dynamical state is fairly grasped by the so-called
rotation curves, quantifying the mean rotational velocity of the disk at different distances from the center
(see Figure 1, curve B). An interesting feature is the flat region of the curve, which is attributed to the
presence of dark matter. Without it, rotation velocities would drop steadily at large radii from the center,
as depicted in curve A.

Figure 1: Rotation curves. Circular velocity (Y-axis) vs Radius (X-axis)

In disk galaxies a strong correlation has been observed between the intrinsic luminosity of the whole
galaxy and the asymptotic rotational velocity (as given by the rotation curve for the outer edge of the
galaxy i.e. Rpna), a result that is known as the Tully-Fisher relation. This relation also holds if you use
the luminosity in a specific band. This is shown on Figure 2 for a number of galaxies in a galaxy cluster.
Every dot is a galaxy, and the solid line is the best-fit linear relation between absolute magnitude in K
band and log,(Vimax) for the whole sample.

Absolute K magnitude

®

Iog lO(Vmax[km 5_1])

Figure 2: Absolute magnitude in K band vslog, ,(Viax[kms~']). Tully-Fisher relation for several
galaxies. Every dot represents a galaxy. The dark points are five selected galaxies, for which
we will provide some numbers in part 1.2.
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log10(Mgas/M *)

9 10
log10(M= [Mo 1)

Figure 3: Gas fraction vs stellar mass.

11 12

Another interesting trend is shown in Figure 3: disks with larger stellar masses (1, ) tend to have smaller

gas fractions

(M

gas

In the following questions you will be asked to extract physical information about the galaxies using the
scaling relations just introduced. Consider the following guidelines:

Assume that V., was measured at the same radius for all galaxies (R,,.), in the flat part of the
rotation curves and well beyond the end of the stellar disk.

Use M,,, for the dark matter mass up to R
and dark matter)

and M,,, for the sum of all components.(gas, stars

max

Assume that all galaxies have identical stellar populations!, and assume that the gaseous compo-
nent does not interact with the stellar light. .

The galaxy cluster is far away. Its distance is much larger than the cluster size.

In spherically-symmetric mass distributions, to infer the gravitational effect on a particle at distance
r from the center, it suffices to consider the total mass enclosed up to that radius M (< r) as if it
were placed at the very center of the distribution.
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!The term stellar population refers to the type of stars that are present in a galaxy, and the relative
amount of each type with respect to the total number of stars.

Part 1 (20 points).

1.1 From an analysis of Figure 3, find the appropriate constants in the following  5.0pt
relation: M,,, = a x M!

1.2 In the plot of the Tully-Fisher relation there are 5 highlighted points. Data for  15.0pt
these 5 galaxies is given in the following table. Use this dataset to find the
appropriate constants for TF relation presented below the table, by means of a
linear fit using the method of least squares.

Note: Treat log;,(Vimax) @S the z variable and K as the y variable in the linear fit.

Vinaxlkm/s] | K[mag]
79.4 —16.8
100.1 —19.2
158.5 —21.3
251.2 —214
316.2 —24.0

K=c¢cx lOglo(Vma:c) +d

c="7

d="7"

Part 2 (16 points).
For two galaxies, G1 and G2, in the cluster, the recorded apparent magnitudes are:
ky =19.2 ; ky = 25.2

Using this information and the relations calibrated in Part 1 find the correct exponents in the following
equations:

21 6.0pt
—L =100 ; e=7?
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2.2 4.0pt
Mgasl _ 10f f —?
MgasQ
2.3 M 6.0pt
Ttotl _ 109 g="7
Mtot2
Part 3 (15 points).
3.1 15.0pt
Apparent
Galaxy magnitude k Mgas[MO} [MO] Mdm[MG] Mtot [M(D]
G, 19.2 4.39x 10!
Fill in the missing values in the table using the fact that for galaxy G,, the dark-
to-baryonic mass ratio up to R, is 6.82.
Part 4 (24 points).
41 Consider a systematic uncertainty of o, . = 40.2 in each apparent magnitude  4.0pt
due to CCD calibration errors. Then k; must be read as k; = 19.2 + 0.2, i.e., the
only thing we know is that k; most likely lies in the interval [19.0, 19.4]. The same
goes for k,. ,
Recalculate the exponent in the scaling relation % = 10° (found in 2.1), ex-
pressing ¢ as an interval estimated by considering the extreme possible varia-
tionsin k;and &, .
e €[7,?
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4.2 Now we consider that there is always a natural spread of the data around any  10.0pt

relation. For instance, for a given value of the K magnitude the TF relation

gives a single value of log,,(Vimax), but it would be more realistic to report an

interval of plausible values, derived from the natural spread of the data around

the mean TF relation. We call this the statistical uncertainty, o, ,;-

Estimate the statistical uncertainty if log,,(Vinax) 1S inferred from K using the

TF relation from question 1.2. For this, consider for each point the difference

between the value of log,((Vinax) €Stimated from K using your linear fit and the

actual measurement of log,((Vinax), @nd take o,,, as two times the root mean

square (RMS) of these differencesf.

-7
Ostat = *

fThe RMS of a set of values is the square root of the arithmetic mean of the
squares of those values.

4.3 Recalculate the exponent in the scaling relation % = 109, expressing gasan  10.0pt

/[
interval estimated by considering the extreme possible variations arising from

both the systematic and statistical uncertainties:

g €1[7,7]
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Data Analysis 1: Mawa6bHu 3aBUCMOCTU (75 TOUKW)

Monsi, npoyeTeTe 06LMTE UHCTPYKLUMNM, KOUTO Ca B OTAE/IEH MUK, NPeaU Aa 3arnoyHeTe ja paboTute no
Tasu 3ajauva.

CnnpanHnTe ranakTnkm ca AUCKOBUAHW BbPTALLM Ce CTPYKTYPK, YNEeTO ANHAMUYHO CbCTOAHME MOXe Aa
6b/e pa3bpaHo, N3MON3BaMKN T.Hap. KPUBM Ha BbPTEHE, KOUTO NPeACcTaBAT KOIMYeCTBEHO JIMHeHaTa
CKOPOCT Ha BbPTeHEe Ha ANCKa Pa3/INYHN Pa3CTOAHUSA OT LeHTbpa My (BUX ®durypa 1, kpvsa B). UHTe-
pecHO CBOMCTBO e MIOCKUAT Y4acTbK Ha KpMBaTa, KOMTO ce Ab/IKW Ha HanU4mMeTo Ha TbMHa MaTepus.
AKO Hef a4 HAMalle, CKOPOCTUTE Ha BbpTeHe LUaXa Aa crnajat 3HauynTeNIHO Ha roneMm pascTofaHns ot
LleHTbpa, KakTo e rnokasaHo Ha KpuBa A.

®ur. 1 Kpmea Ha BbpTeHe. Kpbrosa ckopocT (oc Oy) kaTo GyHKLMS Ha pa3cTosHmeTo (oc Ox)

Mpwv anckosuTe ranakTMkKK e HabnojaBaHa 3aBUCUMOCT MeXy CBETMMOCTTa Ha LaniaTa ranaktmka v
aCcMMMTOTMYHATa CKOPOCT Ha BbpTeHe (ToBa e IMHeiHaTa CKOPOCT Ha BbPTeHe B Kpasi Ha ranakTnkaTa,
T.e.. Rmax) n Ta3n Bpb3Ka e n3BecTHa KaTo 3aBUCMOCT Ha Tynn-duiiep. Tasn 3aBUCUMOCT 38 HAKaKbLB
6poi1 ranakTuKM OT eAMH Kyn e nokasaHa Ha dur. 2. Bcska Touka npecTaBs efHa ranaktuka, a nibTHa-
Ta NIMHNA NpeAcTaBsa Hali-gobpaTta IHeliHa 3aBUCMMOCT MeX Ay abconitoTHaTa 3Be3/Ha Be/InyHa BbB
dunTBP K 1 log;o(Vinax) 3@ LANATa N3BaAKa OT ranakTUKu.

Absolute K magnitude

®

Iog lO(Vmax[km 5_1])

dur 2: AbcontoTHa 3Be34a BeIMUMHA BbB GUATbP K Kato GyHKUMA Ha log, (Vi km s71]).
3aKkoH Ha Tynu-duLuep 3a HAKONKO ranakTukn. Bcska Touka NpeAcTaBnsBa eAHa ranaktumka.
MOTbMHeHWTE TOYKM Ca NeT U3bpaHn ranakTnkK, 3a KOUTO LLe NpeacTaBUM HAKOWU YUCIEH
CTOMHOCTU B YacT 1.2
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log10(Mgas/M *)

7 8 9 10 11 12
log10(M= [Mo 1)

®ur. 3 OTHoCUTeNIeH AAN Ha MacaTa Ha rasa, pasfesieHa Ha MacaTta Ha 3Be3juTe B rajaktmkaTa
KaTo GyHKLMS Ha MacaTa Ha 3Be3juTe

EaHa apyra viHTepecHa 3aBUCYMOCT e rnokasaHa Ha ®dur. 3: AncKoBeTe, B KOUTO MacaTa Ha 3Be3anTte (M,)
€ Mo-rofifiMa, UMaT Mo-ManbK OTHOCUTENeH Asn ras (M, /M.,).

B Tasm 3agava, Bue we Tpﬂ6Ba 4Aa noayynTe d)I/I3I/ILIeCKa I/IH(I)OpMaLl,Vlﬂ 3a ranakTukuTe, N3non3Barku
3aBUCMMOCTUTE, KOUTO TOKY-LLLO 6sxa BbBeAeHW. VI3nonsBanTe ciegHNTe HaNbTCTBUS:

Mpremerte, Ye V., C€ M3MEPBa Ha €4HO 1 CbLLO Pa3CTOsiIHME OT LEeHTbPA 33 BCUYKW FanakTUKM
(Rmax), B M10CKATa YacCT Ha KpMBaTa Ha BbpTeHe 1 JOCTaTbYHO Aasey OT Kpas Ha ANCKa.

M3non3BaiiTe 03HauyeHneTo M, 3a MacaTa Ha TbMHaTa MaTepusi, CbbpaHa B paguyc R
3a CymapHaTa Maca Ha BCUYKN KOMMOHEHTM (ras, 3Be3an 1 TbMHa MaTepus).

n Mtot

max

|_|pI/IEMeTe, 4ye BCUYKN ranaktmkm nmat eHakBv 3Be3HU Haceneval, a CbLO Taka NpmneMeTe, ve
rasoBata KOMIMOHeEHTa He B3aI/IMO,D,eI7ICTBa CbC 3Be3/HaTa CBeT/IMHa.

KynbT OT ranakTukm ce Hammpa MHOro Aaned. Pa3cTosiHMETO L0 Hero € MHOro rNo-rofisiMo OT Hero-
BUSi pa3mep.

KoraTto pasrnexgame 06eKTN CbC Cq)epl/l“IHO-CI/IMETpI/I‘—IHO pa3npegeneHne Ha Maca, 3a Aa Ce Ha-
Mepun rpaBUTallMOHHOTO Bb34ENCTBME Ha YacTuua, HaMMpalla ce Ha pa3CToaAHune r OT UeHTbpa
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TpsibBa Aa ce oT4MTa camo Macata M (< r), KOSITO e 3aTBOpPEHa B PaAunyc, MO-ManbK OT r, Taka csi-
Kall Tst e CbbpaHa B caMusi LIeHTbP Ha o6ekTa.

! TepMUHBT 3BE34HO HaceneHne ce OTHACs 40 OTHOCUTENHUA BPOi Ha BCEKW TUM 3BE34AN KbM 06LLMS
6poi Ha 3Be34u1Te B ranakTukara.

YHacT 1 (20 TOUuKn).

1.1 AHanunsuparikn ¢uryparta, HamepeTe NOAXOAALLMTE KOHCTaHTU B 3aBUCKMMOCT-  5.0pt
Ta: M,,, = ax M?
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1.2 Ha rpadukaTta, KoaTo Noka3sBa 3akoHa Ha Tynun-®uiiep nma 5 yaebeneHn toukn.  15.0pt
JaHHVTe 3a Te3n ranakTukn ca AaZeHn B cieABalliaTa Tabanua. MisnonssaiTe
Te3u JaHHW, 3a ja HaMmepuTe CbOTBEHNTE KOHCTaHTU B 3aKOHa Ha Tynn-duiuep,
KOWTO Ca NpejcTaBeHn B Tabanuata no-40ny, U3non3sanku IMHenHa GpyHkUms,
ypes3 MeTo/la Ha Hal-MankuTe KBaApaTu.
Bbenexkka: o xopn3oHTanHaTa oc HavepTalite log;o(Viax), @ MO BEPTMKANIHATA,
KaTo NMHeliHa PYHKLMA OT Hes - 3Be3jHaTa BeINUnHa BbB ¢UNTLP K.

Vinax[km/s] | K[mag]
79.4 —16.8
100.1 —19.2
158.5 —21.3
251.2 —214
316.2 —24.0

K=c¢x loglo(‘/mu,x> +d

YHacT 2 (16 TOUKN).

3a ABe OT ranakTukmTe B KyTria, G1n G2, namepeHuTe suoumu 3BE€34HWN BEJINYNHN Ca:

ky =19.2 ; ky = 25.2

Vi3nonseanku Tasu I/IH(I)OpMaLI,VIﬂ n KaﬂVI60pB'bLIHI/ITe 3aBUCMMOCTM OT YacTt 1, HaMepeTe TOYHNTE CTe-
neHn B ChegHNTE ypaBHEHWA!

21 6.0pt
Ma oy
M*Q ’ .

2.2 4.0pt

2.3 6.0pt

Yact 3 (15 Toukn).
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3.1 15.0pt
Bugnma
lFanakTunka 3Be3/Ha My, s[Mg] | M, [Mg] | My, [Mg] | M, [Mg]
Be/INUMHA k
G, 19.2 4.39% 101

MonbaHeTe AMNCBALWLNTE CTOMHOCTWU B TabauuaTta U3non3Baikiy, Ye 3a ranak-
TMKaTa G, CbOTHOLLEHVETO Ha TbMHAa KbM 6aprOHHa Maca B PaMKUTE Ha R4
e 6.82.

HacT 4 (24 ToUuKn).

4.1 MpremeTe NocTosiHHaTa HeONpeAeNneHocT o, = +0.2 33 Bcska eaHa Buamma  4.0pt
3Be3/Ha BeN4YnHa, Nopajan HeTOYHOCTUTE B KannbposkaTa Ha CCD kameparTa.
CnepoBaTenHo k, TpabBa Aa ce yeTe Kato k; = 19.2+0.2, T.e. e4MHCTBEHOTO He-

LLIO, KOETO 3HaeM e, ye k, Hali-BepOATHO NPUHaANeXu Ha HTepBana [19.0, 19.4].
CbLoTo ce oTHaca U 3a k.

ﬂFeCMETHeTe oLle BeAHBbX CTeNneHHWs rnokasaTen B MallabHaTa 3aBMCUMOCT
%—:; = 10° (nony4yeHo B 2.1) n3passaBaiiku e KaTo MHTepPBas, YANTO FPaHULN ce

onpeaensT oT KpanHUTE Bb3MOXXHI CTOMHOCTW 33 kU ky .

e € [7,7]

4.2 Cera e pa3rnefjame ecTeCTBEHOTO pa3celiBaHe Ha JaHHUTe OKOOo HAKakBa 3a-  10.0pt

BUCMMOCT. Hanpumep, 3a gafleHa CTONHOCT Ha 3Be3aTa Be/IYNHa BbB GUNTHP
K, 3aBricnmoctTa Ha Tynu-duilep fasa efHa CTOMHOCT 3a 1ogo(Vinax): HO BCbLL-
HOCT 61 6110 No-peanncTNUHO, ako ce 3aAaje NHTepPBaa OT NPaBAONoOA06HN
CTONHOCTW, KOWTO Ce NoJlydaBa OT eCcTeCTBEHOTO pa3ceBaHe Ha JaHHUTE OKO-
Jio 3aBUCMMOCTTa Ha Tynu-®duiep. LLle Hapmyame To3u MHTepBas cTaTucTnyec-
Ka HeoripefenieHocT o ;-
OueHeTe cTaTUCTYeCKaTa HeonpeAeneHocT, ako log,o(Vinax) C€ MnoJsiy4asa oOT
3Be3jHaTa BeAn4YnHa BbB ¢UnTbp K , Ypes 3aBuMcMMOCTTa Ha Tynn-®uvwep
OT Touka 1.2. 3a Ta3n uen, u3MepeTe pasfmkaTa Mexay CTOMHOCTTa Ha
10g19(Vimax)OLlEHEHA OT 3Be34HaTa BeINU1Ha BbB QUATHP K, U3MON3BaNKM in-
HelHaTa 3aBUCUMOCT U UCTUHCKOTO M3MepBaHe 3a log,o(Vimax)- MpremeTe, ye
Os1qr © PABHA Ha yABOEHAaTa CTOMHOCT Ha CpefHOTO KBagpaTnyHo (RMS) Ha Te-
31 pasnukun’.

)
Ostat = *

fCpeAHOKBaAAPATUYHOTO HA HABOP OT JaHHW € KOpeH KBaApaTeH OT CPeAHOTO
apUTMETUYHO Ha KBaZpaTuTe Ha Te3U AaHHW.
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4.3 MpecMeTHeTe OLLe BEAHBX CTEMeHTa B 3aBUCUMOCTTa etk = 109, n3passisaiiku  10.0pt

g KaTo NHTEPBAa/, YMATO roieMmnHa MOXe Aa ce OLl,eHVI KaTO ce oT4yeTat nocCrto-
AHHATa U CTaTUCTUYECKaTa HeonpeaeneHoCT.

g €177
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Part 1 (20 points).

1.1 (5.0 pt)

Part 2 (16 points).

2.1 (6.0 pt)

Part 3 (15 points).
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3.1 (15.0 pt)
Apparent
GaIaXy magnitude k Mgas[MQ] [MO] Mdm[MG} Mtot {MO]
G, 19.2 4.39x 1011
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Part 4 (24 points).
4.1 (4.0 pt)
e €| , ]
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