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Cosmic String (55 points).

Introduction

According to our current understanding, just after the Big Bang, when the Universe was extremely hot,
the electromagnetic force, the strong nuclear force as well as the weak nuclear force were unified as one
Grand Unified (GUT) force.

When the Universe cooled down to T = 10?° K, the strong nuclear force decoupled from the elec-
troweak force. Later, when the temperature reduced to Ty, = 10'° K, the weak force decoupled from
the electromagnetic force. These transitions happened in a rapid succession within a small fraction of
a second after the Big Bang. It is thought that these phase transitions produced a variety of peculiar
objects, called vacuum defects, which may still be observed today.

This question will discuss properties of one such possible type of defect called cosmic strings and their
observational effects.

Note 1. Unless otherwise stated use the laws of Newtonian Mechanics
Note 2. You will use the following constants:
« Stefan Boltzmann Constant

57, 4 27, 4

~15h%e G0

g

* The reduced Planck constant

« Universal Radiation Constant

4
0= — 75657 x 1016 ] m 3K 4
C

* Planck Temperature

heb

=1.416784 x 1032 K
Gk

Tpl -

Note 3. Recall that the gravitational field g satisfies the Gauss theorem:

§-A=—4rGM,,

Where M,,, is the mass enclosed by the surface A.
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Part A: Gravitational Field of a Cosmic String (22 points).

As a first approximation, let us consider a cosmic string as an infinitely long cylinder of radius r, and
mass per unit length p .

A1 Write an expression in terms of the constants G, u and r,for the gravitational  6.0pt
field produced by the string, g(r).
Consider the cases r; < rand r; > r independently

A2 Write an expression in terms of the constants G, . and r,for g, = |g(ry)|- 1.0pt

A3 Let g be defined as g(r) - 7. Draw a rough sketch of g vs. r in the figure givenin  3.0pt
the answer sheet

o
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A4 It is possible to define a stable orbit around a Cosmic String. For circular orbits ~ 4.0pt
of radius R > r, and period t, the following relation is attained

R=Ar"

where A and « are constants. Find A and a in terms of G and

The following three questions refers to a classical newtonian particle moving with speed v when at a
distance r > r, from the string. You will need to use the result below:

dx T
— —=Inl=
g €T Lo

A.5 Show that the gravitational potential energy of the particle is 3.0pt

U=Gmyu In (%)

where b is any fixed distance.

A.6 What is the maximum distance, R, . from the string, that the particle can  4.0pt
reach?

A7 Is it possible for the particle to escape the gravitational field? Write YES/NO in  1.0pt
the answer sheet.
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Part B: Cosmic string as a photon gas (17 points).

Consider now a cosmic string as a photon gas inside a very long cylinder of radius r, with adiabatic walls,
and in thermal equilibrium at temperature 7.

B.1 What is the energy density p of the string in terms of T, h, kg and c? 2.0pt
B.2 The radius r is related to the temperature T via 4.0pt
. hnl 2
07 kpT 7

where 1 is the reduced Planck constant, and c is the speed of light in vacuum,
kg is the Boltzmann constant, and n, and n, are integer numbers. Determine

n, and n,

B.3 What is the mass per unit length, u, of the string in terms of p and r ? 2.0pt
B.4 Express the inequality for the weak field condition, defined as 5.0pt
2(’2” <1,

C
only in terms of T"and 7),,
B.5  Calculate 25~ for 3.0pt
.T = TEW
oI'=Tgyr
B.6 Does the weak field condition hold for Ty, ? Answer YES or NOT. 1.0pt

Does the weak field condition hold for T;,? Answer YES or NOT.
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Part C: Gravitational Lensing from cosmic Strings (16 points).

So far, in part A and B, we have neglected the internal pressure of the photon gas inside the string. If
we include it in our analysis, we need to consider the General Theory of Relativity.

After solving the Einstein field equations, one finds that the spacetime around a cosmic string is conical
as if a narrow wedge were removed from a flat sheet and the edges connected, as shown below.

/// \\\
L \ _
(=1
\\ / \\““‘-k__h AN oo >
< v

http://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_five.php

A remarkable result of this model is light deflection by a cosmic string, which leads to the possibility of
detection through gravitational lensing.

The angle of deflection (in radians) of a light ray coming from a distant quasar (O in the figure below), as
the light passes close to a cosmic string (S in the figure below) and eventually reaching an observer on
the Earth, (E in the figure below), is

4G,
5= —H

C

and is independent of the parameter, p, as shown in the figure below:

In the figure E and O are in a plane perpendicular to the string. The distance between the observer and
the string is D4 and the distance between the observer and the source is D,

o)

CA1 Although the angle of deflection does not depend on parameter p, an Earth-  6.0pt
based observer will be able to see more than one image only if the value of p
is within a certain range. Find a condition on the value of the parameter p in
terms of Dygq, Dyy , and temperature T, for an Earth-based observer to see
more than one image of the object O

C.2 In case the observer sees more than one image, what is the angular separation  6.0pt
between each pair? Find an expression in terms of Dgg, Doy and d¢
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c3 If Doy = 2Dgg , determine the minimum size of an optical telescope neededto  4.0pt
resolve this lensing event produced by GUT string.
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Kocmunuyecka cTpyHa (55 Toukn).

BbBepeHue

Cnopeg cerawHmnTe pasbrpaHus, TOUHO cief Fonemus B3pumB, kKorato BceneHata e 6mMna n3katounTesHo
ropeLua, efleKTPOMarHUTHOTO B3auMOJelcTBMe, CUAHOTO N C1aboTo AApeHOo B3auMojencTBre ca buau
obegnHeHn KaTo egHa Benvka obeguHeHa cnna (GUT).

KoraTo BceneHata ce e oxnaguna o0 T, = 10%° K, CMNHOTO siApeHa cuna ce e oTAenuna oT enekT-
pocnaboTo B3avmogelicTBume. Mo-KbCHO, Korato TemMnepaTypaTa e cnagHana 4o 1y, = 10'° K, cnaboto
B3aVMOJeliCTBME Ce OTAeNs OT eNleKTPOMarHUTHOTO. Te3r NpoMeHK ce C/ly4BaT B MHOMo 6bp3a noce-
[OBaTe/IHOCT, B paMKUTE Ha MaJika YacT OT cekyHAaTa cneg lonemus B3puB. Bce mak, ce cumTa, ve Tesun
$a3oBy NpexoAn NpPou3BeXAaT roasMo pazHoobpasmre oT Heobu4aliHK 06eKTr, HapedeHn gedekTn Ha
BaKyyMa, KOUTO MoraT Aa ce HabntogasaT oOT 0 AHeC.

B Ta3un 3ajava we ce ANCKYTUPaT CBOINCTBATA Ha €4ANH TaKbB TUIM Bb3MOXHO Aeq)EKTVI, HapeyeHn KOC-
MUYECKN CTPYHN N TEXHNTE Ha6mo,anenH|/| e(l)eKTI/I.

Benexxka 1. Bbnpeku, 4ye B 3alaTa ce CNOMeHaBaT Apyro, U3noa3sanTe HIOTOHOBaTa MexaHuKa
benexxka 2. I3nonseaiTe cnegHUTE KOHCTaHTU:
* KoHctaHTa Ha CtedaH-bonymaH

4 27T5IfB4 77-2k34

S 15 R3¢ 60 pie2

g

* PesyunpaHaTta KOHCTaHTa Ha lMnhaHkK

* YHMBepcanHaTa KOHCTdHTa Ha /1bYeHne

4 ;
a ==L — 75657 x 10716, m 3K
C
* KoHcTaHTa Ha lMnaHkK

hed

=1.416784 x 1032K
Gk

Tpl -

Benexxka 3. [lpnnomMHAMe, Ye 3a rpaBUTaLMOHHOT MNoe e g e BangHa TeopemaTa Ha layc:

G- A=—47GM,,

KbZeTo M,, e 3aTBOpeHa B MOBBbPXHOCTTA A.
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YacT A: T[paBUTALlMOHHO NoJie He KOCMUYECKU CTPYHM (22 TOUKN).

Kato NbpBO np|/|6n|/|eH|/|e, HEKa Aa pa3rnejame ejHa KoOCMMN4YyeCka CTpyHa KaTto 6e3|<pa|7|Ho Abnblr Un-
JIMHABP C pagnyc ry 1 Maca Ha eanHnda AbJ/DKWHa .

—
\,_h__ ' -
A1 3anuiieTe n3pas c KOHCTaHTUTe G, 1 N 7y 3@ rPaBUTaLMOHHOTO Nose Ha cTpy-  6.0pt
HaTa, g(r).
Pasrnepaiite cnyyaute
A.2 1.0pt

9o = g(ro)|

A3 HauvepTtanTte npnbansmtenHo rpaduka Ha g(r) . Kato yHKUMA Ha r Ha ¢urypa-  3.0pt
Ta, KOATO e fafileHo B N1CTa 3a OTrOBOPWU.

9o

To
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A4  Bb3MOXHO e ga gedurHurpame cTabunHa op6u1Ta OKOKO efHa KocMuyecka cTpy-  4.0pt
Ha. 3a KpbroBa opbuTa C paguyc R > r, 1 opbuTaneH nepou t, CnegHata 3a-
BMCUMOCT MOXe Aa 6bje n3BeaeHa:

R=Ar"

KbAETO A 1 o Ca KOHCTaHTU. HamepeTeA 1 a KaTo GyHKUMS Ha G U .

CneggalymTe TpU BbMNPOCA Ce OTHACAT 3a K/lacMyecka HIOTOHOBA YacTuLa, ABUXKELLA Ce CbC CKOPOCT v,
KOraTo ce HamMMpa Ha pasCcTosiHMe r > 1, OT CTPyHaTa. Bue TpsibBa Aa 13nonseaTe pesynTaTa, no-4ony:

/Idx (a:)
— —=Inl =
T T Lo

0

A.5 MNokaxeTe, ye rpaBMUTaLMOHHATa NOTEHLMANHA eHeprig Ha YacTuuara e: 3.0pt

U=Gmuln(R)+u

KbAEeTO u € KOHCTaHTa.

A.6 KakBo e MakcMManHoTo pasctoaHue, R,, , OT CTpyHaTa, KoeTo yactmuarta mo-  4.0pt
Xe ga 4ocTurHe?

A7 Bb3MOXHO M e yacTmuata ja HarycHe rpaBuUTaLlyoHHOTO none? 3anuvwerte  1.0pt
YES/NO B nncta 3a oTroBopu.
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YacT B: KocMnyecka ctpyHa KaTo $pOTOHEH ras (17 Toukn).

Cera pasrnexgame no-nogpobeH mogen: KocMmyeckarta CTpyHa € MHOTO Abablr LMANHABP € paguyc ro
1 NPOBOAALLM CTEHU U 3aMbAHEH C $OTOHEH ras, KOMTo e TepMOANHAMNYHO paBHOBeCHe Npu TeMnepa-
Typa T.

B.1 KakBa e NbTHOCTTa Ha eHeprusTa p Ha CTpyHaTa, nspaseHa upes T, hokgnc?  2.0pt
B.2 PaanycoT r, ce UspassaBa c TeMnepaTyparta 1’ KaTo 4.0pt
R 2
Tyg = —/———,
07 kgT

KbAeTO h e pefyumpaHaTta KOHCTaHTa Ha [MnaHK, ¢ e CKOpocCTTa Ha CBeT/InHAaTa
BbB BakyyM, ky e KOHCTaHTaTa Ha CtedaH-bonumaH, a ny, 1 n, ca yenn yncna.
Onpegenete ny U n,.

B.3 KakBa e MacaTa Ha e4MHNLA Ab/DKWHA, 1, Ha CTPYHATa, KaTo yHKUMs Hapnr,  2.0pt
?

B.4 M3pa3eTe HepaBEeHCTBOTO 3a YC/I0BMETO 3a C/1ab0TO B3aMMoZelicTBue: 5.0pt

26
=P«
C

camoupesT'mT, .

B.5  [pecmerHeTe 2% 3a 3.0pt

oI =Ty

T =Tcur

B.6 1.0pt
Does the weak field condition hold for T, 7 Answer YES or NOT.
Does the weak field condition hold for T2 Answer YES or NOT.
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YacT C: FpaBUTALMOHHM J1EeLLM OT KOCMUYECKU CTPYHM (16 TOUKN).

Jocera, yact A 1 B, HMe npeHebpersaxme BbTPELLUHOTO HafisiraHe Ha GOTOHHMSA ra3 BbTpe B CTpyHaTa.
AKO ro BK/IOUMM B HaLLWs aHanus, Tpsibea Aa nsnonssame O6LLLaTa TEOPUS HAa OTHOCUTENHOCTTA.

Cnea KaTo ce pellaT ypaBHEHMATA Ha NONETO Ha AHLLAH, ce HamMK1pa, Ye NPOCTPaHCTBO-BPEMETO OKO-
110 eiHa KOCMMYECKa CTPYHA € KOHWNYHO, CAKALL, Ye MabK OTPA3bK OT MI0CHK INCT XapTUs € OTCTPaHeH
1 ABaTa pbba ca CbefMHEHW, KaKTO € NMOKasHo Mo-Aosy.

http://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_five.php

3abenexuvTteneH pe3yntat OT TO3n MoAen € OTKJIOHEHMETO Ha CBET/IMHATa OT KOCMNYeCKa CTPyHa, KOeTO
AaBa Bb30XXHOCT Aa Te3n CTPYHU Aa Ce perncrpmpart, 4pes rpaBUTayMoHHNM neLln.

bruabT Ha OTKIOHEHME (B pagnaHun) oT AbY CBeTANHA, UABAaLL, OT AanedeH kB3ap (O Ha ¢urypata no-
Jony), Npy NnpeMnHaBaHe Ha cBeTnHaTa 671130 A0 KocMmYecka CTpyHa (S Ha urypata no-ony) 1 eBeH-
TyanHo gocTuraly Ao Habnwgaten Ha 3emsarta (E Ha durypara) e:

_ 4AnGu
=—

00

1 He 3aBUCK OT NpULLE/IHMA NapaMeTbP, p.

Ha ¢urypaTa E 1 O ca B paBHUHa, NepneHAVKYNspHa Ha CTpyHaTa. PascTosiHneTo Mexay Habntoaatens
N CTpyHaTa € Dy @ PA3CTOSHNETO Mexay HabnoaaTens 1 N3ToUYHWKa € Dy g

o)

C.1 Bbnpeku, Ye brbNbT Ha OTK/IOHEHWE He 3aBUCK OT NpULEenHKsa napametbp p,  6.0pt
3eMHUSAT Hab/loAaTen LLie MOXe Aa BUXAA NMoBeYye OT e4HO M306paxeHre, Camo
aKO CTOMHOCTTA Ha p € B HAKAKBM rpaHnuuM. HamepeTe npu KakBo ycioBMe 3a
CTOMHOCTTa Ha NPULLEHMSA NapaMeTbp p KaTo GYHKUUA Ha Dy, Doy, U TEM-
nepatypata T, Habntogaten, KOUTO e Ha 3eMsATa LLe BUXAa NoBeye OoT e4Ho
N306paxeHne Ha U3TOUHMKA O.
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c.2 B Cnyuaid, ye HabnoaaTenaT BUXAA NoBeye OT e4HO M306paxeHune, kakeo e  6.0pt
BFNOBOTO OTCTOSIHNE MeX Ay BCsika efjHa ABOKa? M3paszeTe ro upes Dyq, Dop

néop

Cc3 AKO Dy = 2Dpg , ONpegenete MUHUMAaNHNA pa3Mep Ha onTuyeH Teneckor, ¢ 4.0pt
KOVTO MOXe fa 6bJe pa3peLueHa newla, npegmssmkarta ot GUT cTpyHa.
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Cosmic Strings (55 points).

Part A: Gravitational Field of a Cosmic String (22 points).

A.1 (6.0 pt)

r<Ty

£ §(r) =
r>nrg

* glr) =

A.2 (1.0 pt)

9o =

A.3 (3.0 pt)

@
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A.5 (3.0 pt)

A.6 (4.0 pt)

R =

max

A.7 (1.0 pt)

Part B: Cosmic string as a photon gas (17 points).

B.1 (2.0 pt)

B.2 (4.0 pt)

B.3 (2.0 pt)

B.4 (5.0 pt)

B.5 (3.0 pt)

B.6 (1.0 pt)

C.1 (6.0 pt)

C.2 (6.0 pt)

C.3 (4.0 pt)
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