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Hodograph (15 points).

In curvilinear motion of a planet around a star, the direction of the velocity vector changes continuously.
This can be represented by a so-called "trajectory in velocity space" and is obtained as follows: for each
point on the spatial trajectory, the corresponding velocity vector is drawn so that its starting point is at
the origin of the velocity space, and its magnitude and direction is the same as the velocity vector at that
point. The tip of this variable velocity vector generates a curve in velocity space. (The name 'hodograph'
was given to this curve by Hamilton in 1846.)

As an example, see figures 1 and 2 below. For a circular orbit (Figure 1), the magnitude of the velocity is
constant and therefore, the hodograph (Figure 2) of the velocity vector for Keplerian circular motion is
also a circle, the center of which is located at the origin of the velocity space. The radius of this circle is
equal to the constant magnitude of the circular velocity.

Fig. 1 Spatial trajectory of the Planet with Uniform Circular Motion around the star.

Velocity space

Fig. 2 Corresponding hodograph
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12,1 Write an expression for the radius of the hodograph in Fig. 2, as a function of  1.0pt
the mass M of the star, and the radius R of the circular orbit of the planet's
motion.

12.2  For a planet in a Keplerian trajectory, write the expression for centripetal ac- 4.0pt
celeration vector (d¢) and the magnitude of angular momentum (L). For any
Keplerian trajectory, it is true that

| Av|= kA§ (1)

Where k is a constant for each type of Keplerian trajectory. Find the expression
for the constant k£ as a function of the masses M and m of the star and the
planet, respectively, and the angular momentum, L.

(Eqg.1) allows us to conclude that for any Keplerian trajectory, the hodograph
(v as a function of 6) is a circle, but except for circular motion, the centre of
the hodograph does not coincide with the star. It is not necessary to prove
this result, you may simply accept it as a given. For the hodograph of uniform
circular motion, the compliance with (eq.1) is completely obvious, as evidenced
in Fig. 3

Fig. 3

12.3 Determine the expression of the constant  for the hodograph of circular plan-  2.0pt
etary motion.
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12.4 Giventhatthe hodograph of the Keplerian elliptical motion is a circle, determine  4.0pt
the radius of this hodograph and the distance between the center of the hodo-
graph and the position of the star, as a function of the velocities at periastron
and apoastron. Draw a rough sketch of the hodograph in the answer sheet as
per the schematic shown in Fig. 4. The black circle is the star.

Vp,e 9:0

Vy>0=mn

Fig. 4

12.5 Similarly, for the parabolic Keplerian trajectory, determine the radius of the cor-  4.0pt
responding hodograph and the distance from the center of that hodograph cir-
cle to the star. Express the radius as a function of the velocity at periastron.
Draw a rough sketch of the hodograph circle in the answer sheet.
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Xoporpad (15 Toukun).

Mpwv KPMBOANHENHOTO ABUXKEHWE Ha efHa njaHeTa OKOoJI0 3Be3ja, MocokaTa Ha BeKTOpa Ha CKOpocTTa
HenpekcHaTo ce nNpoMeHs. ToBa MoOXe Aa NpeAcTaBeHO Ypes Taka HapedeHaTa "TpaekTopusa B NpoCT-
PaHCTBOTO Ha ckopocTuTe”. TA ce noJsiy4asa Mo C/iefHUS HAaYMH: 3@ BCAKa TOYKa OT MPOoCTpaHCTBeHaTa
TpaeKkTopus ce pncyBa CbOTBETHWAT BEKTOP Ha CKOPOCTTa Taka, Ye HayasoTo My ce HaMupa B Hayasn-
HaTa TOYKa Ha NPOCTPAHCTBOTO Ha CKOPOCTUTE, a roJIEMHaTa 1 NOCOoKaTa Ha BEKTOPA e CbLlaTa, KakTo
N Ha BEKTOpPa Ha CKOPOCTTa 3a CbOTBeTHaTa Touka. Kpast Ha BeKTopa Ha CKOpPOCTTa OrnmcBa KpvBea B
NPOCTPAHCTBOTO Ha ckopocTuTe. (Ha3BaHMeTo Ha Tasm KpmBa “"xogorpad” e 6uno gageHo npes 1846 r.
OT Ynnmam XaMunTbH.)

Kato npumep BuxTe purypmute 1 n 2 no-gony. 3a kpbrosa opbuta (Purypa 1), ronemmHaTa Ha CKOpPOCTTa
e KOHCTaHTa 1 cnegoBaTtenHo xogorpadsT (Purypa 2) Ha BeKTOpa Ha CKOPOCTTa CbLLO € OKPBXHOCT,
LEeHTBbPBLT Ha KOATO € B HayasiHaTa ToYka Ha NPOCTPAHCTBOTO Ha CKOPOCTUTE. PaanyCbT Ha TO3U KPbI e
paBeH Ha NOCTOsIHHATAa rofieMyHa Ha KpbroBaTta CKOPOCT.

®ur. 1 MpocTpaHCcTBEHA TPAEKTOPUS Ha MaHeTa C NMOCTOsAHHA KPbroBa CKOPOCT OKOJ/IO efHa
3Be3ja.
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Velocity space

dur. 2. XogorpadbT Ha CKOPOCTTa Ha NiaHeTaTa.

121  Hanuwete n3pas 3a paguyca Ha xogorpada Ha dur.2. kato dyHKLMs Ha MacaTta  1.0pt
M Ha 3Be3aaTa 1 Ha paguyca R Ha KpbroBaTta opbuTa Ha nnaHeTarta.




Theory

Q12-3

Bulgarian (Bulgaria)

BGR-1 D-12 Q-3

International Olympiad on Astronomy and Astrophysics

12.2 3a nnaHeTa c KenjepoBa opbuTa HanuweTe 1U3pas 3a LeHTpocTpemuTenHoto  4.0pt
yCcKopeHwve (d) 1 3a roneMmHaTta Ha MoOMeHTa Ha nmny’snca (L). 3a Bcsika kense-
poBa opbuTa e U3NbAHEHO

| Av |= kAB 1)

KbaeTo k e KOHCTaHTa 3a BCeKW TUM KenjepoBa opbuTta. HanuweTte n3pas 3a
KOHCTaHTaTa k KaTto dyHKUMA Ha MacaTa Ha 3Be3gata M, nnaHeTara m W Ha
MOMeHTa Ha nmnyinca, L.

YpaBHeHMeTo (EQ.1) H/N NO3BONABA Aa 3aK/HOUMM, Ye 3a BCAKA Kenneposa op-
6uTa xogorpaduT (vasa functionof ) € OKPBXHOCT, HO, C U3K/IOHEHME Ha C1y-
yasi Ha KpbroBo ABMXEHME, LeHTbPbT Ha Xogorpada He CbBraja cbC 3Be3jaTa.
He e HeobxoanMmo ga foka3BaTe TO3M pe3ynTtat. Moxe npocTo ga ro npyemMere
3a A3ZleHOCT. 3a C1lyyYas Ha paBHOMEPHO KPbroBo ABVKEHVIe CbOTBETCTBUETO,
npeasuvj ypasHeHVe (eq.1) e CbBbpLUEHHO OYEBUAHO, KOETO Ce MOoTBbLPXAaBa
ot dur. 3.

7. velocity space

12.3 HanwuweTe n3pas 3a KOHCTaHTaTa k 3a xojorpada Ha ABMXKeHMe no kpbroea 2.0pt
opbuTa.
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12.4  Vmaiiku npeasug, ye xogorpadsT Ha ABUXKEHMETO Mo eNnnTuYHa Kenneposa  4.0pt
opb6uTa e KpbI, onpejesnete pajguyca Ha To3uM Xogorpad 1 pascToAsHNETO MeXay
LieHTbpa Ha xogorpada 1 NosoXeHNETO Ha 3Be3aTta KaTo GyHKLNSA Ha CKOPOC-

TUTe B MepuacTbp 1 anoacTbp. HapucyBalite npuMepHa cxeMa Ha xogorpada
Ha /INCTa 3a OTrOBOPU CLI1aCHO CXemMaTa, NokasaHa Ha ®ur. 4. YepHOTO Kpbrye
Ha cxemaTa e 3Be3jarta.

VP,% 9:0

Vy20=n

dur. 4

12.5 AHanoru4Ho onpegenete pagunyca Ha xogorpada Ha kennepoBa napabonnyHa  4.0pt
op6bunTa, KaKTO 1 Pa3CTOSAHMETO OT LLeHTbPa Ha OKPBXHOCTTA Ha Xxogorpada 4o
3Be3zaTa. V3paseTe pajnyca kato yHKLMSA Ha CKOPOCTTa B MepmracTbpa Ha op-
6uTaTa. HapucyBaliTe Ha N1CTa 3a OTFOBOPU NPUBAN3UTENHA CXEMA Ha OKPbX-

HOCTTa Ha xogorpada.
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Hodograph (15 points).

12.1 (1.0 pt)

12.2 (4.0 pt)

12.3 (2.0 pt)
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12.4 (4.0 pt)
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12.5 (4.0 pt)




Theory

@AA BGR-1 D-12 W-1 -
International Olympiad on Astronomy and Astrophysics

do not write on the back of this page



Theory

@AA BGR-1 D-12 W-2 -
International Olympiad on Astronomy and Astrophysics

do not write on the back of this page



Theory

@AA BGR-1 D-12 W-3 -
International Olympiad on Astronomy and Astrophysics

do not write on the back of this page



Theory

@AA BGR-1 D-12 W-4 -
International Olympiad on Astronomy and Astrophysics

do not write on the back of this page



