Solutions

Solution 1:

Schwarzschild radius of a black hole with mass M is

2GM
Then the mass density can be estimated as
M 3¢ 1
P= s = 327 G3M?2
3T
3% (3.00 x 108)° 1

32x3.1416  (6.67 x 10~11)3(108 x 1.99 x 1030)2

=1.85x 103 kgm™3

Solution 2:

To calculate flux of a m = 6 star we use the Sun as standard candle

h

6 - (—268) = —2.5 logm

fi =1.04 x 107%w/m?)

(4 points)

(2 points)

(4 points)

(1 point)

(3 points)
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We need to know how much energy a visual photon has (at 550 nm)

hc
Ep=hv=7

_ 6.63x107%* x 3.00 x 10°
N 550 x 10~°

=3.62x10719]
Then number of photon which arrive to our eye per second is

_ finrg 1.04 x 107*°

E,  3.62x1071°

N X 3.1416 x 0.003%2 =8 x 103 s71

Solution 3:

We must compare the jumping speed of a normal human with escape velocity of the planet .

A normal human can jump up to 50 cm then his initial velocity is

v=,2gh=+v2x981x0.5
v=313ms™!

Comparing this velocity with escape velocity of the planet
2GM

v= |[——
R

(3 points)

(3 points)

(3 points)

(3 points)
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R=2x103m
Solution 4:
The zenith angle of the sun at summer solstice will be
zg = ¢ —23.5=125

And in the winter solstice

Zy = ¢+ 23.5 =595

Figures shows that in summer solstice we have
X
tan(zg) = = 0.22
And in the winter solstice

(2 points)

(2 points)

(1.5 points)

(1.5 points)

(1.5 points)
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D+x

tan(z,) = 7= 1.70 (1.5 points)
Then
x=170H—-D =0.60m (2 points)
h=273m (2 points)
Sun
Tabeshbqlnd Sun Tabeshband /‘
h hlZs
Window Window
A D D
Winter solstice Summer solstice
Solution 5:

To calculate accurate value for minimum declination for circumpolar stars two major effect must be
considered.

1. Refraction in earth atmosphere, which is 34" at horizon. (3 points)
2. Horizon depression which is
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R 6370.8 (3 points)

Cos@ = = 0 =2°24
S = R Th T 63708+56
Then
Omin = 90 — Latitude — Refraction — Horizon depression
(2 points)
=90 —35°57 —34'—2°24'
(2 points)
= 6min = 510 5'
Standard Horizon
Actual Horizon
Solution 6:

To solve this problem we must calculate gravitational potential at the center of the cloud,
letting ¢ (<) = 0. For a uniform density and spherical mass distribution we have

46



1 GM 1 ;
—mvz(rzR)——m:E:_mUZ(r:0)+(p(0) (4 points)
2 R 2
M .
vr=R)=0 & v(@Ir=0)= 3 (1 point)
oo L, GmM
pO="gm R (1 point)
2
0) -1 GM GmM
(p = —Mm —_— N —
2 R R (2 points)
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-3 GMm

<P(0)=7>< R

To escape from the cloud, the particle should have total energy equal to zero

Solution 7:

Figure shows that if FOV of telescope is  then we have :

B = ¢cosd

As the earth rotate, Vega moves through the FOV with
constant angular velocity of the earth

_ 2T
“ = 86164

=7.29 x10">(rad/s)

¢ =wt=729%x107°x%x53x 60 =0.023 (rad)

FOV = B = ¢cosé = 0.023c0s39° = 0.018 (rad) =~ 62 min

(2 points)

(4 points)

(2 points)

(4 points)

48



Solution 8:

1, 1 26M
EMveSC_EM R (4 points)

The velocity must be smaller than the escape velocity (v,s. = V2V,.,5) and since the problem is an
estimation, any velocities smaller than escape velocity is accepted and therefore the escape velocity
can be replaced by v,,;.

, _ GM? .
Mviys = R (2 points)
RvZ,s 20x3.09 x 101® x 9 x 10°
= = = 8.3 x 103K
G 6.67 x 10-11 83 x 107Kg
M = 4.2 x 10*M (4 points)
Solution 9:
In the figure, S is the Sun and R, and V, are Sun distance and velocity. The distance and
velocity of star P is denoted by R and V = V,,.. The radial velocity of star P respect to the Sun is
V. =Vcosa —V,sinl =V,(cosa — sinl) (4 points)
In SCP triangle we have
sinl _ cosa _ Ry ;
T = RO = Ccosa = FSII’I (1 pOInt)
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So

o=V (22— 1)sinl (2 points)
Ry W
R " Vpsinl
Ry V. +Vpsinl
R Vpsinl
R=R Vos—ml (2 points)
OV + Vysinl
250sin15"
R=8x103 ——
100 + 250sin15
R=3x103pc (1 point)
Solution 10:
Because of high conductivity of plasma inside the star, flux of magnetic
field will be conserved through contraction then:
4mR?B = 4mR2B, (6 points)

Where R,, and B,, are radius and magnetic field of neutron star, thus:
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20

R )2 . <4 X 6.96 X 105>2

= (&
n Rn

B, = 1.93 x 101° Gauss

=193x10°T
Solution 11:
In a flat universe
_ _ 3H?

H=75kms IMpc™! =24 x 10718571
pe =1.1x10726 kgm™3

_ 025,

= = X18 -3
105m, 3 0°m

ny

Solution 12:

The rate of change of solar mass could be estimated from solar luminosity:

AE AMc? _

Log=——= Mc?
© At At

—Mc

(2 points)

(2 points)

(4 points)

(2 points)

(2 points)

(2 points)

(2 points)
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i Lo 383x10%° o kas)
== -————---—-—= 4, X
2~ (3.00 x 108)2 gs

Newton second law will give us:

r 2

where v and r are orbital velocity and orbital radius of the Earth.
From conservation of angular momentum:

l

l=rmv D v=—
mr

Where m and | are the Earth mass and angular momentum which are constant:

I? GM I? 12 M r’m?v? .
—_—— = = = — —_— e —
m2r? T r GMm? r Gm?2 M? GM?2m?

(GM/T)r* M M 7 M M
= —— e = e = —— D = -7 —
¢ M2 M rT M TT M

1.50 x 101! x 4.26 x 10°

o = —-10
>7 199 x 1030 3.21 x107*°(m/s)

Ar =3.19 x 1071% x 100 x 86400 x 365.24 = 1.01m  (for 100 years)
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(2 points)

(2 points)

> (2 points)

(2 points)




Solution 13:

We know the orbital period of Mars then the angle £ M;SM, can be determined simply

106

By the same way we determine 2E; SE, :

106 My, B s (2 points)
LE,SE, = —— X = 104.5°
1SE, = 52 % 360 = 1045
Then angle 2M,SE, is:

M, s (2 points)

4M,SE, = 104.5 — 55.5 =49.0°

M,SE,) = S22
cos(£M,SE,) = S_Mz (2 points)
Mz ! = =1.52 AU

Tmars = SE, cos(«M,SE,) cos(49°) (2 points)
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Solution 14:

In the figure, the observer is at O and the satellite is in S the angle £EO0S will be

2EO0S =180 —z = 180 — 46.0 = 134°

5§ =180 — ¢ — LEOS = 10.4°

In EOS triangle we have:
Rs R

sin(ZE0S) _ siné

Rs  sin(<EO0S)

=39
R siné 3.98

Solution 15:

Ignoring temperature variation on the stars surface, the brightness of star system will be proportional
to projected surface of both stars on plane of the sky. Maximum brightness will occur when two stars
are seen like figure 1 and minimum light will happen when one of the stars is in total eclipse and
projected surface of the other is a circle with radius b (Figure 2). In maximum brightness

Lnax < 2mab

In minimum brightness
Lpin & mh?

(2 points)

(3 points)

(3 points)

(2 points)

(3 points)

(3 points)
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So

I 2mab
Am = —2.5log—2% = —25log 0 —2.5log4

Lnin mb?

Am = —1.5
Solution 16:

a) Total energy of the projectile is

o — GMm  GMm 0
ST TR TT 2R S

E < 0 means that orbit might be ellipse or circle. As 8 > 0, the orbit is an ellipse.

Total energy for an ellipse is

. GMm
N 2a
Then
a=R
b) In figure (1) we have
0A+0A=2a
OA=a

(2 points)

(2 points)

(7 points)
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So

I 2mab
Am = —2.5log—2% = —25log 0 —2.5log4

Lnin mb?

Am = —1.5
Solution 16:

a) Total energy of the projectile is

o — GMm  GMm 0
ST TR TT 2R S

E < 0 means that orbit might be ellipse or circle. As 8 > 0, the orbit is an ellipse.

Total energy for an ellipse is

. GMm
N 2a
Then
a=R
b) In figure (1) we have
0A+0A=2a
OA=a

(2 points)

(2 points)

(7 points)
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In 0AO'triangle it is obvious that

0C = CO0’'

Then C must be the center of the ellipse with the initial velocity vector v, parallel to the ellipse
major-axis (LH).

In figure (2)
R
HM =CH—-CM =a— (R—Rsinf) =R—R+Rsinf = Rsiné =3
c) Range of the projectile is AB

_ T 21
AB=2(E—9)R=(7T—29)R=?R

(15 points)

(6 points)
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d) Start with ellipse equation in polar coordinates

_a(l-e?)
r= 1+ ecosg

For point A
R(1—e?)

- 1- ecos(% +0)

) 1
e =sinf = 2 (5 points)
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e) Using Kepler's second law

AS B AT
Sy T
So
AS = Spo0Bn = Spaos + >
=9 bae Tmab —b +1Tab
TNy Ty TheT
mtab T T
AS bae+ 5 + 2 0.5+ Vi
s mab R
Kepler’s third law
T = 4R = 84.5 mi
= o 8% min
0.5 +%
AT =T %X = 55.7 min

Solution 17:

a) Relation between the apparent and absolute magnitude is given by

(12 points)




d
m = M + 5log (1—0)

where d is in terms of parsec. Substitutingm = 18 and M = —0.2, results in
d = 4.37 x 10* pc

b) Adding the term for the extinction, changes the magnitude distance relation as follows

m =M + 0.7x + 5log (100x)

where x is given in terms of kilo parsec. To have a rough value for x, after substituting m
and M, this equation reduces to

8.2 = 0.7x + 5log (x)
To solve this equation, we examine
x =5,55,6,6.5
where the best value is obtained roughly x = 6.1 kpc.

c) For a solid angle Q, the number of observed red clump stars at the distance in the range of
and x + Ax is given by

AN = Q x? n(x)f Ax

(3 points)

(5 points)

(6 points)

(8 points)
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So the number of stars observed in Ax is given by

AN (6 points)
— 2
A Qx*n(x)f

From the relation between the distance and apparent magnitude we have

my = M + 5log (%)

x + Ax
m2=M+510g< 10 )

x + Ax
Am=510g< < )

Ax
Am = 5log (1 + 7)

Am — 5 (Ax)
m_ln10 X

Replacing Ax with Am, results in

60



AN AN Ax
—_— X —_—
Am Ax Am

So the number of stars for a given magnitude is obtained by (5 points)
AN QInl10
- = 3
- o neOx’f

m+5.2

Finally we substituting x in terms of apparent magnitude using x = 10 s .

In the case of no extinction, we are able to observe the Galaxy beyond the center. So Z—Z has
two terms in

x < Ry and x > R,. The relation between x and r for these two cases are

X=Ry—r1 x <R,
(6 points)
and

X=Ry+ 7 x> Ry
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. . AN
So in general we can write o 3S

m-5.2 (6 points)
AN  QIn10 10 5 3(m-5.2)
A s noexp(R—d)xlo 5 f x<R
m-—5.2
3(m-5.2)

AN _ Qln10
Am 5

2R, 100 5
ngexp (—)exp (—————)x 10" 5 [fO(xy—x) x >R,
Rq Rq

where O(x) is the step function and x, is the maximum observable distance.
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