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For all questions, the process involved in arriving at the solution is more important than the answer
itself. Valid assumptions / approximations are perfectly acceptable. Please write your method
clearly, explicitly stating all reasoning.
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TR W 8 =18 I AN i |

Be sure to calculate the final answer in the appropriate units asked in the question.
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Non-programmable scientific calculators are allowed.
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The mark distribution is shown in the [ ] at the right corner for every question.
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The exam duration is 1 hour and 30 mins.
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Constants and Formulas

4N >: Useful Constants and Formulas

Mass of the Sun My =~ 1.989 x 10%°kg

Mass of the Earth Mg ~ 5972 x 10* kg

Mass of the Moon Mc ~ 7.347 x 102 kg
Radius of the Earth Ry ~ 6.371 x 10°m

Radius of the Sun Ro ~ 6.955 x 10°m

Radius of the Moon R¢ = 1737 km

Distance from the Earth to the Moon r¢_g¢ = 384400 km

Speed of light c ~ 3x10®m/s

Synodic period of Moon rotation ~ 29.5 days
Astronomical Unit (AU) ag ~ 1.496 x 10" m

Solar Luminosity Lo =~ 3.826 x 10°W

Solar Constant So ~ 1367 W/m?
Gravitational Constant G ~ 6.674 x 107" Nm?kg2
1 parsec Ipc = 3.086 x 10%m
Stefan’s constant o = 5670 x 1078 Wm?K~*
Boltzmann’s Constant kg = 1.38x 1072 JK!
Reduced Planck’s Constant h = 1.05x1073Js
Moment of Inertia for sphere I = %M R?

Cosine rule for spherical triangle:

cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(C)
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5. Phases of Moon and Mercury [5]

On a certain day, Oyon was observing the night sky. He was amused to see that the Moon is occulting
the planet mercury which is a rare celestial occurrence. @3Fe T ©F AT *RTH 4= | (7 [Afre 2@
M4 (T DM 4 AAF (OCF (TR A 936 &Fe w61 (Occutlation &2 @36 RO ©=R% 49 O @ I (26
@I (R0 g T 1)

Suppose, at this time the phase of the moon (the ratio of the area of the illuminated part of the disk to the
total area) is maximum for any position of the moon in conjunction with Mercury. The orbits of Mercury
and the Moon are considered circular and located in the plane of the ecliptic, the radius of Mercury’s orbit
is 0.4 AU.

B T4 JOHF A AP @I AFA@RIR ACE, ©ItF conjunction I 1 & AR (AF MATS 1< viwat fGrzwa s
ST (@ A SEee 20 ACE, O Hitnd el A0 1 HitAd (S SIFI T8FPN conjunction S A, SIF 0K
TEE @2 92 occulation € TN HIWA IR WA fed FEH | AR 77 frS #A1f, 5 qR J4 TSR FHALR JEFE
G2 ETASTE TEEe QIR A FHAWRT JPNE 0.4 (Sofeml a5 |

a. Draw the geometry of the scenario. What is the elongation angle of mercury (the angle created by
the sun and mercury as seen from earth)? 2]
T® Teiieos wagd 93 Ha =i (for@ 52, pW «3r IR FFH0LF ACTTF GTF F20H AZH AP 1) 1 93
AN L @ (T Fo (A (A @™ T G2 o NG el 1)?

b. Calculate the phase of the mercury and the phase of the moon at this position. (3]
3 SR BT IR JCLF el (il F© (A7
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R. Dimensions of Blackhole [14]

We will venture into the mysterious realm of quantum gravity, and use dimensional analysis to learn about
black holes. Here, all of the fundamental constants will be involved. First, we can define it a little more
formally, “A black hole is a region of spacetime that traps light. The boundary of this region is called the
event horizon.” For the purpose of this problem, the radius of the black hole means the radius around the
black hole from where no light can escape.

R QYT (FRBN TRFEE O TRV QOO AR FI9 qR W@l REAER NG TR T90E G (68 F4 1
QU AT G FIFRTEN TT® AR | AT AN AAFE OGO ARITS I, “ PRI CHGIZNT G IF Gl
3 QAP O (PO I STNACP ¢ GO [Ao@ 7 9 ST GO FIACRAETE A @ @i 467 7 9w g A
AR (A8 ([(F TR QTS AR Al

For reference on how Dimensional Analysis work we’ll show how this works for gravitational constant
G. First, the dimensions of the two sides of the equation must match. We know that,

_F-R?
- M-m
(FI[R)? _ (ML/T*)L? L

17 R VER Vo

a. Express the radius of a black hole, i.e. light-trapping region, in terms of its mass, m, the gravitational
constant, GG, and the speed of light, ¢ using only dimensional analysis.
Wl fResraes M FRAERAER TIPIE (I ST G @A AN ([T F9 O O, T2FY IS G2 WA ([0
A 1 (Hint: Find the combination of these parameters which will have the same dimension (and
ST unit) as the dimension (and SI unit) of radius. FFER TH G GF F=F FHF I9 AWF Al GR
FEACE T G2 A (PR IR qFF)) 2]

b. Using the equation you derived, find the radius of a black hole with a mass of 2 x 103! kg. [1]
o @ AN @F IR ©f U@ 2 x 103! kg OE@F G0 FIRFEEE IONE @F FA 1

c. The actual size of a black hole with a mass of 2 x 103! kg is nearly 29.7 km. If this is different from
the answer you found in (b), suggest a reason why. 1]
2 x 103! kg O@F @6 FIEEH 07 FEE 26 To® A 29.7 km 1 AW @2 4 (SR (b) (S @F IR
(O ST T ©ICA G At 67

In a section of Black Holes Ain’t So Black (Chapter 7, pp. 109-110), Hawking writes the following: R
A FICEN T- SRR G5 e Toeea 2fe fereata:

“(...) a black hole ought to emit particles and radiation as if it were a hot body with a temperature that
depends only on the black hole’s mass (...)”

At this point, hawking goes on to explain in detail the quantum properties of black holes, as well as
concept of hawking temperature. The British physicist’s explanations end with the following words: @<2td,
2R PIFREHR @RIBH & @32 2 O#NE T [eifre @i s | &oe smdfeed om s o w@m
@2 Sfe e

“(...) A flow of negative energy into the black hole, therefore, reduces its mass (...) Moreover, the lower
the mass of the black hole, the higher its temperature.”



BDOAA

National Round 2023 Page @ of E

d. From the above excerpts, what are the physical properties of a black hole that affect its Hawking
temperature? Using dimensional analysis, express the Temperature of black holes in terms of these
properties and necessary gravitational and thermonuclear constants (G, kg, h, ¢). (3]
TWIFE ACENE, FPRER (F (FF TR (&8 OF @ 2oifie FE? @l ANFACET NG, FIFRIET
TS FRFY G2 SNSRI §I0a AR a0 9 (G, kg, h,c) |

The deflection of light by a gravitational field was first predicted by Einstein in 1912, a few years before
the publication of General Relativity in 1916. A massive object like Blackhole that causes a light deflection
behaves like a classical lens. This prediction was confirmed by Sir Arthur Stanley Eddington in 1919.
@5 TP CFEF q AR [Rpfs 22w 1912 e Ao (A6l FCERER, 1916 AT AR iesifFrms! a4
IR IZF G913 | FIFRIER Tcol G e 78 a1 A [ aom o @ fS Fid@e @10 Iret Qs I 1 2[Raeits
555 A Wi wiLiF Byl «@fesT @B «Relifs [Pve iR |

WEe’ll now use dimensional analysis to determine the form of the equation describing the deflection angle
due to gravity for a light ray passing by a black hole (or other objects) of mass m. First, let’s define the
angle 0 as the angle between the directions of the ray of light when it is asymptotically far from the black
hole (coming towards the black hole and going away from the black hole), as shown in Fig B

m SER G FIF @ (I« TEEeifes I79) A e qedl A IR T Sfeses FEe [pfs @ id 3907 e
TR T [hFe Fa0e AR Q3 W@l [eeet 929 F991 LT, AE IHE TRmeE T @9 0 @ AR
1 - aff FRCATT e @1 932 PIFRA (QF 7O 5O TG AT AR N4t (@19 A i oew § o 2w

5@ 3: Deflection of light by a black hole

Note that when angles appear in an equation, they should always be expressed in radians. An angle
expressed in radians is dimensionless. Therefore, the deflection angle 6 is dimensionless.

TH 9 @, I @l 6 AT TAFe 27, $1F EIUEE T @EAE a1 e 1 @A asifie a3
Pl AR | Trew3, s (ol ¢ Aardi |

e. On which physical variables might the deflection angle depend? Express the deflection angle in terms

of those variables. [4]
@A @ (oo (CRERER TR Rpfe @ fer Fate A7 @ CREReET (43R RGN FI@E) AEE 9]

@I AN LI 9|

f. Using general relativity, we can estimate that the proportionality constant for the expression of
deflecting angle is k = 4. If a photon passes by a black hole of a mass of 10°Mg, calculate the
numerical value of the deflection angle if the closest distance of the light ray from the black hole is
AR FCATFFS! IR I, AN SN FAco A @ [P @Fead a0 &) AN2ifes ¢35 28 k= 41
W 96 @B 109 M O@F @F6 P Q@A M e TSt qae I @ IR, o @9 [Rppe @i qw
[BREESE
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O r = 2 radius of the black hole, as derived in (a)
0 r = 10x radius of the black hole

O r = 100x radius of the black hole

Use the Schwarzschild radius if you did not solve (a). Now explain the physical interpretation of these
values. Does our equation still hold for light passing near the black hole radius? 3]
B () AL FHCO A AR Schwarzschild IS T2 FHCS AR 1 G3 TGt (/e =1 [ A0S #4147 FFRIET
Fob! IR e TSR AR T S TR Ao ?
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©. Rotation Rate of a Pulsar [20]

A Pulsar is a Neutron-Star with a very high rotation rate. But how fast can a neutron star rotate before
it breaks up due to its own centrifugal forces? We assume the pulsars to be spheres of uniform density,
which are gravitationally bound. @ *FMRF T 436 WEEA-SRI TF I 27 332 @1 @36 WCG o=t w =
e @yl = IR (ST AR ST F© T Ao AE? NG G I @ HAPiRel afey wqeed o, 3
RIS = |

a. Find an expression for the minimum rotation period, P.;,, of a pulsar as a function of its mass, M,
and radius, R, before it breaks up. 2]
ARG CSTe AGAR WCal PO e FNRA Py, G G0 F99F (37 391 @fb APiIEs stad M, @32 g
R @3 36 FI*q 23

b. Evaluate P, for a typical pulsar with M = 1.4M and R = 10 km. [1]
(B AR AR A O M = 1.4Mp 9R INE R = 10 km TA Py I A7

c. Millisecond pulsars are those that have rotation periods on the order of a millisecond. The fastest
rotating millisecond pulsar rotates about 716 times per second. What limit does this put on its
density? (3]
RTeEe Arrie &e @l g s NReTeEs @ St A | wosy-giemie [fewieses A
dfe CTRCT W 716 I A @6 ©fF qced SofF & A fdwa s @2

A pulsar is formed from a massive progenitor star which typically has a magnetic field of 0.17" with
an average density of 0.1 kg/m3. Such a star loses about 90% of its mass toward the end of its life.
The remnant mass forms a pulsar of the kind described above. @36 AERE @36 e @it %@ (A
f5® 27 IF FYRAS (.17 97 GIFF CF@ A R TF G 995 0.1 kg/m? | 93 @ 936 OF ©F GG
(IR T O e Al 90% AW | WRPE B Bon fdfe @i s siedta oo Fed

d. Assuming that the magnetic flux is conserved during the formation of a pulsar, find the typical
magnetic field at the surface of the pulsar. For the pulsar M = 1.4Mg and R = 10 km. [4]
AETAR o[6TT T GBI &E HAFS AT, ARPNRR B AGHA BT (F@ F© (@7 9| APNES &
M =14Mg 92 R =10 km

The Crab Nebula has a total luminosity of ~ 5 x 103! J/sec. This nebula is powered by a centrally
located pulsar which is now rotating with a period of 0.033 seconds. The pulsar is observed to be
slowing down, i.e., the period is increasing at a rate of 36 nanoseconds per day. The corresponding
decrease in its supply of stored rotational kinetic energy is used to inject power into the Crab Nebula.
Assume a mass and radius for the pulsar of 1.4Ms and 10 km, respectively.

IR AR @ 7B ~ 5% 103! J/sec 1 @2 T2zt @36 @rm wafgs Aepig 7=t vl a @49 0.033 G
gTAE FA0R | ARPTRGT gefFeife & Qe I WP @R YR TR afse 36 WAwTEe R Jw #Aitz |
97 T Y99 oifexife I P, ¢12 «fe @R Teer wie Ree @@ 2@ ) 4@ qs 1.4Mg @3 10 km
A ATAER O @R HPNE |

e. Write down an expression for the rotational kinetic energy in terms of M, R & P of the pulsar. [2]

HARPIER M, R @R P @3 ~fReefFrs 399 sfexifeq am «3fh A10 @7 741
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f. Compute how much energy is stored in the Crab pulsar in the form of rotational kinetic energy. [1]
@R AR g0 oo @it F© *fe e @ite ©f @@ F91

We define E as the rotational kinetic energy, F as the rate of change of this energy with time,
and P as the rate of change of the Pulsar’s period with time. You may note that if EocP™ then
E/E =nP/P

gEl E @& 36 ofenifE fow, B @ TNEe e @3 «few -fReeEe o9 B @R P @ TEE A ARPIEE
TR AR 29 @ Aewifrs w1 9t W@ 99 @ W EocP” iz E/E = nP/P

g. Using your answer in part (e), find a general expression for the rate at which rotational kinetic
energy is lost as the period of the pulsar increases (i.e., as the rotation rate of the pulsar decreases).
Express your answer in terms of R, M, P, and P. 2]
g (e)-Co i (OE Ted [IRT ¢, PR FNTFE Jfard MR AL @ VR g9 foxfe faw a1 o &
936 AR T9F @@ F7 (TR, eI gfTfe 29 S W) | R, M, P, @R P @7 s come
Ted A 9 |

h. Evaluate the value of the rotational energy lost rate for the Crab pulsar. Compare this to the power
output of the entire Crab Nebula. 2]
WA SAETIEE G g9 *Ife A A WA LT F9 1 WG W (@ ¥ [Kiwaeas At @ft ger w4

i. Make a rough estimate of the age of the Crab pulsar and hence that of the nebula using information
from previous answers. Compute the actual age from the fact that the supernova that led to the
formation of the pulsar was observed by the Chinese in the year 1054 A.D. If there is any discrepancy,
what are the possible reasons for this? [3]
TS TeRef (AT O IR IW TR AR G OF TR0 T30 79 936 o6 wgue 91 1054
TRPBICw BRI (@ SARCTS! “E JCERA ©F (0T (@ SEFIEd O QR OfF dF© 707 291 T4 1 I el
T A, SR G TV FROGTEA 7
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8. Measuring the Astronomical Unit with the Venus Transit [8]

After Kepler published his third law in 1619, the distances between the planets in the Solar System were
all known relative to the distance between the Earth and the Sun (1 Astronomical Unit). A measurement
of one of these distances was therefore enough to determine the physical length of 1 Astronomical Unit
(AU).

1619 M (AR ©F YOI q 2F TR #/7d, CTIRGTod QI 26 ATed 0 aeed (1 eoifeiim @) cenifefm
BT Wil 789 2@ | U8 FRRSTER GFioa #fwv o 1 @ifsmt «3s (AU) U7 core i fdfaees oy 20 e |
One of the first measurements was conducted by making use of the Venus transit in 1761, as proposed by
British astronomer Edmund Halley. The aim of this problem is to follow the main steps in his derivation
and to obtain our own estimate of the AU.

&= cenifefdn wose Fifem ¥R SPIt 1761 T w@F &T2d GAfes IR IR 2L AReielE s @i #ifapifrs
2R | G ATIF T 261 O AIHCAT AL SMCFOleT aepied I @3¢ AU @F SN ey Seie A |

A
e
B
Venus Earth

B' ®
;Obse rved transit
A path

@ 2: Geometry of Sun, Earth, and Venus system

As shown in Fig—E the transit of Venus will be observed at slightly different positions when viewed from
different points on Earth. Knowing the parallax of Venus 8y and the distance between observers A and B
the Earth-Venus distance can be calculated, and therefore all distances between the planets in the Solar
System. Halley proposed to infer 6y, by timing the duration of the Venus transit at two different locations
on Earth A and B.

foa-R-a cr o zwaee <R ffen g e oret 0 et GAfes fegh! for s HAfvefrs =@ wiwR sRETe
Oy @R AMEHFT A @R B G99 WG 739 (G0 FRA-SGF TEQ o1 T @S 2, 992 O ENAGICed q2efera Mgy 178
VRRS (@@ 4 A i s/ ufS fon B w@ FAiess TREN A 9R B @Rl ) NG FAE AV FCARCE |

In order to estimate the AU, we will use data from 2004’s Venus transit observed in Cairo (A) and Durban

(B).
AU S - &, S FRE (A) @32 THAA (B) @ R F4 2004 99 €@ FAGE (AF (TO JAT I |
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To solve this problem, we will make the following assumptions

@3 IS TG FAG &y, Al FRERS SEmet $99:

o. The rotation of the earth is negligible for the time of venus transit. *fR3 g7 v GAfesa TN &
BRI

o. The Venus transit happens when Venus is below the Earth-Sun plane.

T4 ST QT2A GAGD WH O UG A TSR Ao AMCF |

Location ‘ Start of transit ‘ End of transit

Cairo (A) 5:39:09 11:04:35
Durban (B) 5:35:52 11:10:07
RIGCIENE

Radius of Sun's disk =R =
15.25 arcminutes

o o Geometry of Venus transit.

a. How long do the transits last in Cairo, T4, and in Durban, Tg7 1]
IR, Ty 92 CRRE, Tp- Gt Fowe FR 277

b. Assuming small angles determine the angular separation between the two Venus transits 6 using
Fig—@ and Table 2. The angular size of the Sun’s disk is given by R = 15.25 arcmin and the angular
velocity of Venus is dy = 0.0669 arcsec/sec. 2]
foa-lg @32 GRE-2 72 T 12 ST QT (741 ST GG W04y s 7o 0 (7 91 7 forw e
FHPTE R = 15.25 arcmin 932 & @45 @ dyy = 0.0669 arcsec/sec |
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C.

5@ 8: Effect of Solar parallax on measurement of Venus transit

Using the angle 6 calculated in the previous problem, determine the parallax of Venus 6y as a
function of the parallax of the Sun fg using Fig E 2]
HRE AT oA T 0 (1 93 oy B T=T I LT AR (g 97 4IH Pl A Wi A
@9 0y (39 <1 Hint: Relate the angle 6 to the two angles 54 and 5p.

. Assuming that the distance between the two positions A and B is d4p = 5840 km and using Kepler’s

third law
403 (6 AP @ A @R B qfb O=FITE WG A T dap = 5840 ki @R (SR GO @ IR FCH

T2

= = const.
where a is the semi-major axis of the planetary orbit and 7T is its orbital period, determine the
Astronomical Unit using Tyenus = 224 days and Tgen = 365 days. You can work with the
assumption that planets move on circular orbits around the Sun. 3]
@A a T ART FTHARNLT AG-A44F OF QR T T O AT TR, Tyenus = 224 days 9R Trarn =
365 days 924 @ (ifemin aos e o901 N @R S e Sie F90e Al @ grefe e s
JCIFIE FHATY B |
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¢. Robinson Crusoe: Lost in the sands [§]

The observation night

Deserts are one of the places with the least sky pollution, which makes them the best spot for night sky
observations. So, you and some of your friends decided to go on a tour of a desert. As you are the only
astronomer on the team, you have to help your friends to point the telescope in the right direction.

TPY T A I W AR gl Wi a6, A S AT WP AR G Gl FA B (0N | qG
T @3 oI Py 75 @3B Tl I AT Frae e | @y 9 weEe «FWe @uifsfdn, SiR (SiNtE (omiF
54 GfEHte e e Mo Face T F90e 2@

Here is the map of the sky of the observation night. @<t “REFe FTST AR Td@ TSA 24

5@ ¢: Sky of Observation Night
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a. Mark the cardinal points on the map as N, S, E; and W on skymap . [0.5]

[ s freie s N, S, E, 93 W =i |

b. On the map @, draw at least 4 constellations you know so that it becomes easier for you to find the
Deep Sky Objects. Label them as C1, C2, C3, C4, and write the names in the table. 2]
wiifbea siRIbta 90 8 6 constellation S, ATe I YW A& @A Deep Sky Object bt ifcai |
Constellation &@E C1, C2, C3, C4 2= Bbfere 9 qaz Ao ©itwd A o4 |

The real adventure

You love roaming around in the night alone. Lost in the beauty of the night sky, you started walking alone
after all of your friends are asleep. However, suddenly you realized that you came too far away from your
camp, and can’t find the way back. After three exhausting days of searching for the way back to your
friends, you finally came to the camp. But alas! Your friends probably left after searching for you, and
finally thinking that you're dead.

T ACS G IR @OITS OERICH | TS WHCHF ETAE 2R, I g 20F 27 N 931 2f5re &% T4 | MRS,
2R N RS ARE @ TN (o R (A IS IR GOTR!, G2 (IR AL oS SR A (SN Igeid e e
IR 212 e fom Fifewa e “ta, TN S_ReI Feort Aot | 68 2T (SN IF1 WIS (ONIE (S AE «@3e
SR QN W& IR (SR B (IR |

Here starts your adventure. You have some dry foods and water in the tents with which you can survive
for a few days. But you need to find your way back to home. G (S F3ARPE I@ &F 2| (SN ©f-
o g WIE ARE GJR A @itz T M 9N IS e (T A0 AR | (78 (OMIE AT @A77 {06 ([F FACS 2@ |

Fortunately, you know the location of the station from where you came from, and unfortunately, you
don’t know your current location. However, you have a weird clock that shows the local sidereal time of
Greenwich — a birthday gift from your best friend that you always keep with yourself. Armored with the
knowledge of star maps and positional astronomy, you have to find your way back home. You can use the
following map Q

FTeIe, Yl (@ EB*F (AF IO OF T3 Sl G2 TS, QN (SINE IET T S =1l | BRI, (SN
Fite @M wge AG @R A ATCLHd FAW TR @R — (SN FRF IFF IR (A 9T GHCTd SR Al (SN
ST feeE M A | SR A @A SRFATe (SHfefia ®itaa A TFS, (ONitE (o Afre g A=
9 oo (FF FA0o T 1 QN e [Y wrba 2w TS A |

c. Estimate your latitude from the star map. [0.5]
O WADE (AT (O TS (I |

d. From the sky map, calculate your Local Sidereal Time. [1.5]
P AT (AF (SN FHEFETF qrHas Ty (@9 I
Hint: What is the actual definition of Local Sidereal Time? B8 I M WLl AFFGEEF FAACET AT
eeal 67

e. Your watch shows the current Greenwitch Sidereal Time 00" 18™ 33.6%. Calculate the longitude of
your location. [1.5]

(o 9f% IS fawess FIrewe B2y 00" 18™ 33.65° MR | (SN GIFI Qe @F I 1

f. Given the location to the nearest human habitation to be 26.5° N, 27.6°E, calculate how far you're
away from there (In nautical miles). [1]
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feBox T ITZIR S=gA0 26.5° N, 27.6°F f&o1ta (e, 9Nt G (Ate % 1ta @il ©f ({4 4 (A0
ZE)

g. Determine the angle to the direction in which you should start walking in order to go back to human
habitation. 1]

NEE I e WA & CoiiE @ e 261 ¢ Fa0e 201 o @b & 391

=

5@ v: Sky map
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