Astro Round 2 2024 Paper Solutions and Marking Guidelines

Note for markers:

e Answers to two or three significant figures are generally acceptable. The solution may give more in
order to make the calculation clear. Units should be present on final answers when appropriate.

e There are multiple ways to solve some of the questions; please accept all good solutions that arrive
at the correct answer. Students getting the answer in a will get all the marks available for that
calculation / part of the question (as indicated in red), so long as there are no unphysical /
nonsensical steps or assumptions made (students may not explicitly calculate the intermediate
stages and should not be penalised for this so long as their argument is clear).

Q1 - Maximum Payload to Mars [35 marks]

a. The spacecraft leaves Earth at time t; and travels on the elliptical transfer orbit until it reaches its
aphelion at time t,, where it intercepts Mars, which is assumed to have a circular orbit with semi-
major axis 1.52 au. Assume the Earth’s orbit is also circular and all orbits are coplanar.

i.  Calculate the transfer time At = t, — t; in years, and hence calculate the Earth-Sun-Mars
angle, @, at t = t; required for a successful transfer.

Calculating the semi-major axis of the transfer orbit by taking the average of the perihelion
distance (at Earth) and the aphelion distance (at Mars)

1 1
auro =3 (ag + aymars) =5 (1 +1.52) = 1.26 au [1]

Hence, using the simplified version of Kepler’s 3™ Law for use in the Solar system, we can
work out the period of the orbit and know that the transfer time is half that (since the probe
only travels half an ellipse)

At = %aZ/TZO = % x 1.26%/2 =[0.707 years (must be in years) [1] [2]

[Accept using the Sl units version of Kepler’s 3™ Law, which with the given precision and

1 | 4n?
values of constants leads to At = - LaflT =10.710 years|]
2\,GM©

The phase angle we are after must be the angle that Mars travels through in time At
subtracted from m radians (or 180°)

p=n—-2mx-—"t =g 2rx 222 =[0.771rad] (= 44.1°) VY

Trars 1.523/2
[This value should be the same whichever version of Kepler’s third law they used since the

corrective factor between the two methods cancels out if they used the same method to get
the period of Mars]

ii. Calculate the time between consecutive occurrences of this phase angle, known as the
synodic period Tgyp,.

Looking at the difference in angular velocities

ZT” - % = 2.93 rad year~! (1]

21 21
o Tsyn = 10 293 2.14 years [1] [2]

Aw = wg — Wyars =



[Alternative method if they use the known formula for synodic period:

=2t 11 —0.466year? (1]

Tsyn Tg Tmars 1 1.522

1
o Tsyn = T 2.14 years [1]
If no other marks scored, they can get the first mark for the period of Mars as 1.87 years (if

using simplified Kepler 3) or 1.88 years (if using the Sl units version with given constants) —
this may have been done in the previous part of the question]

Calculate the perihelion velocity, v, of the transfer orbit and the orbital velocity of the
Earth, vg (these are both in the Sun’s rest frame) and hence show that the required increase
in the velocity of the spacecraft, Avyr g (parallel to the Earth’s orbit) in the Earth’s rest
frameis Avyro g = 1, — Vg ~ 3kms™1.

Using the vis-viva equation to get the perihelion velocity

2 1

= J6.67 X 1071 x 1.99 x 1030 X (1.50><1011 - 1.26><1.50><1011)

=|32.67kms~?! [1] [1]
The orbital velocity of the Earth

-11 30
vea:\[mz@:\/emxlo X1.99x10% _ oo g [1] [1]

1.50x1011

2 2mx1.50x1011 . .
[Accept vgy = 2 _SEXXY  —129.87km st using given constants]

T ~ 365.25X24X60X60

Hence the required increase in the velocity of the spacecraft is

Avyro g = 32.67 —29.75 =[2.925kms~!|  (must be at least 2 s.f.) [1] [1]
[Accept using the other value of vg to give [2.807 km s~ 1| for all the marks]

What is the minimum distance from the Earth (in Earth radii) necessary for the spacecraft to
be travelling at Avyrg g (as measured by observers on Earth) and NOT still be in an elliptical
orbit around the Earth?

Recognise that we want to know the distance at which this speed corresponds to escape
velocity (or total energy is zero)

2GM 1 2 GMgm
AUHTO,@ = - 2 or Em(AUHTO'@) - 53 =0 [1]
.5 2G6Mg _ 2X6.67x10711x5.97x102% 7.
od= e (Z975x103)2 =931Xx10"m=|14.6 Rg| [1] [2]

[Must be in units of Rgq for the final mark. Allow full ecf on their value for Avyr¢ g . For

reference, Avyro ¢ = 2.807kms™" - d =|15.9 Rgy|and Avyrp g = 3kms ! > d =
13.9 Rg |. If they get answers that are half these (due to assuming circular orbit) then only

allow second mark]

[All of these answers are clearly much further away from Earth than even geostationary
orbits and so it is apparent that we must escape the Earth’s gravity with a hyperbolic orbit
that then patches onto the elliptical Hohmann transfer orbit once far enough from Earth]



The spacecraft is initially in a circular orbit around the Earth with a radius of 7, = 8.00 X 10° m and
orbital velocity v, gy (all velocities in this part of the question are in the Earth’s rest frame). It then
makes a single, instantaneous change in velocity Avy,,, oy, parallel to its direction of travel, to
accelerate into a hyperbolic orbit, with a perigee velocity of v), ¢ = v gy + Avy,,), @ at a perigee
distance of ry, and an asymptotic velocity v, g (the value that the spacecraft’s velocity approaches
as it gets far away from the Earth). To join the HTO we will assume vy, ¢y = Avyro -

i. Calculate the total specific energy, € = %, of the desired hyperbolic orbit, where E;,; is the

total energy of the orbit and m is the mass of the spacecraft.

For a hyperbolic orbit, the total energy will be positive and so will be equal to the KE when
infinitely far from the Earth (so GPE = 0)

EtOt:GPE-l_KE:_GMTm‘F%va=0+%mv§°,® (1]
. _EO _1 2 _1 2 _1
nE= ﬁ =7V = ;(Avmo,@) = 5(2.925 x 103)?

=4.279 x 106 J kg1 [1] 2]
1

[Allow full ecf for their value for Avyrq g. For reference, Avyrg g = 2.807 km s~
3.940 x 10° J kg™!|and Avyrg g = 3kms™ > & =[4.5 x 10° ] kg~!|]

— & =

ii. Find an expression for Avy,,, oy in terms of €, 1y, G and Mg and hence calculate its value.

Using energy conservation, we can get an expression for the perigee velocity

Mg 1 M
£=— 69+5vz[2,'@ LUy = 2(e+r—®) [1]

To 0

Hence the expression for Avy,,, o is

GM GM
Aryp® = Vp.© ~ Ve = \/ 2 (3 + T—®) - \/T® a2

0

[Accept any algebraically equivalent forms]

Evaluating it with our calculated value of €

6.67x10~11x5.97x10%* 6.67x10711x5.97x102*
_ 6 _
Ahyp@ = \/2 (4'279 X 10°+ 8.00x106 ) \/ 8.00x106

= [

[Allow full ecf from previous values of €. If using € = 3.940 X 10° Jkg™! = Avp,,, ¢ =

3.31kms~!|and ¢ = 4.5 X 10° Jkg™! = Avpy, e =[3.36 kms~1|]

[This is reassuringly a little bigger than what we calculated for Avyrg g in the naive case
where we ignored having to escape Earth’s gravity — although it might surprise you to see
that it’s not that much bigger (only about 10%); this is because a lot of work has already
been done by the rocket getting the spacecraft into that low Earth orbit to begin with.]



Hence calculate the specific angular momentum h = rv, of the hyperbolic orbit, where r is
the spacecraft’s distance from the focus of the hyperbolic orbit (in this case the centre of the
Earth) and v, is the component of its velocity perpendicular to that distance. Note that h is
conserved over the orbit.

Since h is conserved over the whole orbit, the obvious place to choose is where we know
both r and v — this is the perigee, where also very conveniently v, = v, o

h=rv, =rv,q [1]
L GMg\ _ 6 6 , 6:67X10711x5.97x10%*
h=r [2(e+52) = 8.00 x 10 xJ2(4.279x10 4 S8 A

=1[8.32 x 101° m? s~ 1 2
[Allow full ecf from previous values of €. If using € = 3.940 X 10° J kg™ -> h =
[8.29 x 101° m2s~!]and £ = 4.5 x 106 Jkg™! —» h =[8.33 x 101° m?s~1]]

Let 8 be the perigee-Earth-spacecraft angle, which increases with time t as the spacecraft

. . de  n . . dr .
moves along the hyperbolic orbit. Show that Tt derive an expression for d—: (in terms of

. . dr
h, r, &, and any relevant constants), and hence find an expression for TR

Combining the expression for specific angular momentum with a standard one for w
Gre=2=t=2 EVRNEY

xTOTT T T
[Since this was a ‘show that’ question, the mark is not for the final result but for explicitly

substituting v, = h/rintow = v, /r]

Considering energy conservation, using Pythagoras to resolve the velocity into perpendicular

and parallel components
_ GM@ 1 5 _ GM@ 1 2 2\ _ GM@ 1 h 2 2
8——T+EU ——T+E(UJ_+U")—— . +E<(;) +U"> [1]

[This mark could be awarded for just correct application of Pythagoras if the student makes
no further progress]

T de T r2

P E oy =| oe+ 220 BIe)

[Accept algebraically equivalent forms]

Hence, using the chain rule

dr _dtdr _ (de\ ldr _|r? 2GMg  h?
46 dedt (dt) ac | \/28 LI (1] (1]

[Accept algebraically equivalent forms]



Sun

. . dr .
It can be shown that solving your expression for 1 8ives the result r = 1+eios€ where p and

. h? h? . . .
e are constants given by p = e ande= |1+ ﬁ Use this to determine the required
® &

Sun-Earth-Spacecraft angle at the time when the spacecraft accelerates into its hyperbolic
orbit.

Using Figure 1 from the paper for reference:
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We have been given a polar form for the hyperbola, and we
want to find the angle ¢ [accept any choice of notation]

1
'
9
Il
'
'
'

Considering the asymptote, r = o as § — 0, so from the
polar equation this is achieved as

1+ecosf, =0 [1]
[This mark can alternatively be scored for calculating e = 1.09]

circular orbit

- 1 - 1
%0y =cos™ ! (——) = cos™ ! (— =
e 14 (8.32x1010)"x4.279x106
(6.67><10_11)2(5.97)(1024)2

= 2.73 rad (= 156.5°) [1]

By considering the diagram
¢+ 0, = 3;” rad

#¢=2T—0,=""—273=[198rad| (= 113.4°) 1 B

[Allow ecf using their values of € and h. For reference, using the values of € and h that come
from Avyro @ = 2.807 kms™! - ¢ = (= 112.5°) and Avyro g = 3kms™! -

¢ =[1.99 rad] (= 113.99).]

[Although not needed to solve this question, the constant p is known as the semi-latus
rectum, and corresponds to the distance from the focus (at the centre of the Earth) to the
hyperbola along a line perpendicular to the one between the focus and the perigee, known
as the major axis. As you might have guessed, the constant e is the eccentricity of the

hyperbola; for hyperbolae e > 1]



Once the spacecraft arrives at Mars, it will approach Mars on a hyperbolic orbit similar to its
departure orbit from Earth a velocity (relative to Mars) of Avyrg y. It then has to decrease its
velocity by Avy,,, i to be captured into a circular orbit of radius 7 (to be determined) and orbital
velocity v, y. You are given that for this hyperbolic orbit, ¢ = 3.49 X 10° J kg™1, and that the mass
of Mars, My, = 6.42 X 1023 kg.

Find the value of r that minimises Avy,y,, ;. [Hint: instead of trying to use the same equation

as used in b.(ii), rewrite itas y = f(a) wherey = %Avhw,M and a = % are both
M

dimensionless variables, and find the value of a that minimises y.]

Recasting our expression for Avy,,, y from b.(ii) in terms of y and a, as suggested
GM GM
Avhyp,M = \/2 (S +TM) — \/TM
o E = /z(g+§)_J§=fs( /z+§_J§>
2 1
Sy = /2"';—\/; [1]

- . . . d
The minimum will correspond to a turning point, so we look where é = 0 and make use of

the chain rule

~1/2
% = %(2 + 2) (=2a72) — (—%a‘3/2) [correct differentiation] [1]

2er) a3
%(2 n 2)-1/2 (20!_2) — (%0!_3/2)
(el ot

22+2at=4a7! n2=2a1 sla=1 [1] (3]
Hence the value of r that minimises Avy,,, v is

—-11 23
= SHme _ 667X10 x642A0x1 _[1.23x 10" m KV EY

€ 3.49x10°
[If this answer was achieved without following the suggested hint of recasting the expression

in terms of ¥ and «, the student can still receive 4 marks]

Hence determine the minimum Avy,,,, , to capture into a circular orbit at Mars.

Substituting our value of r into the equation for Avy,,, u

GMy GMy
Ay = |2 (e —) — |§Mm
hyp,M T =
6.67xX10"11x6.42%x1023 6.67X10"11x6.42%x1023
= 2(3.49><106+ )—
1.23%107 1.23x107

= 1 [

[Valid alternative method: since y = /2 + i — \/gthen fa=1=y=1,

50 AVpypy = YVeE = 1 x V3.49 x 106 = |1.87 km s~ ]




d. From this we can calculate the magnitude of the total change in velocity by the spacecraft that has
to be done by its rockets, Av;or = Avpyp g + AVpyp M, and hence calculate the maximum payload
mass that it can carry to Mars.

Consider the ejection by the spacecraft’s engine of a small mass of fuel §m at an exhaust
velocity v,. Show that the corresponding change in velocity of the spacecraft, dv, is given by

ov = %Sm, where m is the current mass of the spacecraft.

By conserving momentum (should be explicitly stated)

mév —v,dm =0 ~ov = %&n [1] [1]
[Since it is a ‘show that’ question, the mark is for clear reasoning rather than the final
algebraic answer]

Hence, by integrating, show that the total change in velocity of the spacecraft is given by
Av =v,In (%), where m is the dry mass of the spacecraft (total mass of everything
2

except fuel), and m, is the wet mass (total mass including fuel).

Setting up the integral with the bounds the right way round

Av = f;:]l% dm [1]
s~ Av = [y, In m]mg =v,Inmy —v,Inmy = v, ln% [1] [2]

0
[Since it is a ‘show that’ question, the second mark is for correct evaluation of the integral,

clearly showing how they have integrated 1/m]

A future spacecraft for travelling to Mars has a dry mass (not including payload) of 1000 kg,
can carry 5000 kg of fuel, and has an effective exhaust velocity from a hydrogen-oxygen
rocket of 4.25 km s™. Calculate the maximum mass of payload it can carry to Mars, assuming
that Av,,, is the total change in velocity needed for the mission.

Expanding the equation of the previous part to include the described quantities with correct

dry and wet mass expressions [accept any choice of notation]
Mempty tMpayloadtMyruel [1]

Aviyr = U, In
tot e
”lempty""”payload

Rearranging for myay10aa

eA”tot/ve = m
Me+my

. AVt /V —
<oe~rtot e(me+mp)—me+mp+mf
- eAVtot/Ve my —m, =m, + my — eAvtOt/Ve me

. _ mp+(1-ettot/ve)m,
“my = (1]

Using our earlier values of Avy,,, gy from b.(ii) and Avy,y,;, i from c.(ii)
Avor = AVpy, @ + AVpyp y = 3.34 +1.87 = 5.21 km s™*
_ 5000+(1-exp(32%

))xlooo
my = 20l 77 m o

4.25
[Allow ecf from their values of Avy,,,;, oy and Avy,,, y. For reference, if using Avy,,, ¢ =

3.31kms~! = m, =|1100 kg|, and Avpy, g = 3.36 kms™' —» m,, = 1062 kg|. If they
use the given value of Av,,; = 5kms™! - my =|1229 kg|]

[In reality, the Orion spacecraft in the NASA Artemis programme (planned to send humans
to Mars) has a dry mass 10 times heavier than this so the fuel requirements are enormous!]




Q2 - Discworld Astrophysics [30 marks]

a.

Figure 3 shows two logarithmic plots of solar intensity versus time over the duration of a year on the

disc. In each case, observers recorded the solar intensity every 24 hours. One of the plots shows the
curves obtained by observers at the same location each measuring at a different time of day, while
the other plot shows the curves obtained by observers measuring at the same time of day as each

other but from various locations on the disc.

With clear and explicit reasoning, decide which plot is which. Guesses will not be credited.

In Plot 1, all 5 observers record the same intensity on the winter solstice (i.e. 200 and 600
days after the first summer solstice) [1]

(Since intensity / distance to sunlet is the same all day on the winter solstice that means)

|Plot 1 is taken by observers at the same location| but different times [1] [2]

(and so | Plot 2 is taken by observers at the same time| but different locations)

[Do not give the second mark for correct guesses without explanation. If they do not link the
shared intensity of the observers in Plot 1 to the winter solstice but get the correct answer,
give one mark only. Expect to see both plots allocated a description for the second marking
point but do not penalise if the students only write out one in full and leave the second
implied]

Derive an equation relating the number of days (n) since the first summer solstice of the
year and the altitude of the sunlet (a) as observed at the Rim x hours after sunrise. It should

be of the form tan(a) = B sin(rx/12) where B = f(n, x) which should be found.

Relevant diagram e.g.

H (Hub)

. ! (1]
[Individual notation will vary and could be done as separate diagrams, but should ideally
have 4 points [H, S, S, O] and 4 angles (a, b, h, 8). Angle b may only be clearly indicated in a
diagram in part iii) of this question, so look at these parts together when deciding diagram
mark. No penalty if only two triangles drawn]

Altitude of sunlet = h = 22 = & (s0SS' = RsinZ=and HS' = Rcos—=)  [1]
24 12 12 12

[This mark can be given from implied working for SS’ and / or HS’]

o . . . mn
Angle around the Rim the sunrise has moved since summer solstice = 8 = 200

(1]



Applying the cosine rule to triangle HOS’
(0S8)? = (HO)? + (HS’)Z 2(HO)(HS") cos @
~ (0S")? = R? + R? cos? —2 — 2R? cos—cos—n

400
~0S"=R [1-2cos=cos— + cos? = [1]
12 400 12
Hence in triangle OSS’
ss’ R sin% sin%
tan(a) = o5 = = =
Shddd Sty 27X Sk Sl 227
R\/l 2COS COS400+COS Jl ZCOS COS400+COS
—1/2
X mm X
W f = (1 — 2 cos— cos — + cos? —) [1] [5]
12 400 12
mn 2 mn _1/2
[Accept algebraically equivalent forms e.g. <(cos—2 — oS ﬁ) + sin? E) from other

valid methods, such as vector algebra. Simplification is not required. Expect students to state
B explicitly but still give credit if they get the correct final version of tan (a) and leave B
implied]

iii. Derive an equation relating n and the angle subtended at the observer by the Hub and the
projection of the sunlet onto the disc (b). It should be of the form sin(b) = By where y = g(n,
x) which should be found.
Applying the sine rule to triangle HOS’

. in T
sin(b) __ SIn o

(1]

Hs' ~  os’
sin(b) _ Rcos—smm _ cos—smm
X n znx U3 mn 21rx
R\/l 2coslzcos400+cos 12 Jl 2c0512cos400+cos 12
mn
oy =|cos E sin—= 1 2
y = |cos T sin [ 12

[Accept algebraically equivalent forms from other valid methods. Expect students to state y
explicitly but still give credit if they get the correct final version of sin (b) and leave y implied]

b. The warmest part of the day at the Hub is at midday, and at this peak temperature the top layer of
the ground is at a temperature of 0 °C.

i Assuming the Hub is thermally isolated from the rest of the disc and that the icy surface
reflects 80% of the incident radiation but emits like a perfect black body, show that the
luminosity of the sunletis ~ 3 x 107° L. [Hint: Consider that at this temperature the surface
is in thermal equilibrium and so the power absorbed by a 1 m? patch of ground equals the
power emitted by that same patch.]

Incident power on a patch of ground of area A at a distance R from the sunlet

Pl-—4R2><A><(1 0.8) [1]
Using the hint given, in thermal equilibrium this must be equal to the emitted power, so
4R2XAX(1—08)_O'AT4 [1]

Given that T=0 °C =273 K and that the areas cancel

2
4nR%0T* _ 4mx(8000x103) x5.67x1078x273*
1-08 0.2

=127x 10" W =[331x 10 Lg| (~3x107°Lg) [1] 3]
[Must be in units of Lp and at least 2 s.f. for the final mark since it was a ‘show that’. If the
student applies the concept of 80% reflected incorrectly then can still get second mark
through ecf, although will not be able to get third mark]

L =




C.

ii. The people of Discworld see the same spectrum of colours as we do (plus a magical eighth
colour known as octarine), so we assume that its sunlet is a blackbody radiator with a peak
wavelength of 500 nm similar to our own Sun. Calculate the sunlet’s radius, r..

Using Wien’s displacement law
_2.90x1073  2.90x1073
*7 Apax | 500%x107°
Using the Stephan-Boltzmann law

L =4mriol ~m = amoTE \/4nx5.67x10-8x58004 =396 x 10" m] [1] [2]
[If using L = 3 X 107 L, then this leads to 7, =[3.77 X 10* m|which also gets full credit]

[The luminosity and size of this sunlet emphasise how small it really is — it is actually entirely
unphysical to have a star this small, but Discworld is a piece of fiction!]

= 5800 K (1]

A spherical object of negligible mass and radius r is a distance x from a mass m. Find the strength of
the gravitational field of m at the location of the centre of the spherical object, gcentre, and at a point
on the surface of the far side of the spherical object, gr.r. Given that r < x, derive an expression for
the tidal acceleration, atqal, 0N the spherical object due to mass m where atigal = Geentre — Grar-

Starting with the gravitational field strengths
Gm Gm
Jeentre = 7 and Ifar = Sy [0.5 marks for each] [1]
Hence the tidal acceleration is
Gm Gm Gm Gm

— ==
x?2  (x+r)?2 x2 x2(1+:—c)

s+ )e2(-0-1)  w
_om 2 _[2Gmr [ Bl

x2 x x3

[The second mark is for correct application of the first order expansion suggested by the hint]

QAtidal = Ycentre — Yfar =

[We have used the centre and far side of the small spherical object in our derivation here, but you
would get the exact same answer if you used the centre and near side — this is why we can use this
expression in the next part of the question]



d. Model the disc as two equal and diametrically opposed point masses each of mass M separated by R
symmetrically around the Hub, and neglect the gravitational effects of the elephants and the turtle
on the sunlet. Take the disc’s thickness as being R/4.
i Derive an expression for the tidal acceleration on the surface of the sunlet due to the disc at
sunrise on some day of the year. Give your answer in terms of M, R, rx and ¢ where ¢ is the
Sunlet-Hub-Supercontinent angle.

Relevant diagram e.g.

R/2

(1]
[No penalty here if they treat x; and x, as meeting at the same point on the surface of the
sunlet and / or if they do not indicate the angle 8 (notations may vary)]

Using the cosine rule

x? =R%+ (g)z — 2R (g) cos¢ = R? G — cos ¢) [1]
x? =R?+ (g)z — 2R (g) cos(m — ¢) = R? (Z + cos (,b) [1]

The total tidal acceleration at the surface of the sunlet in the direction of the centre of mass
of the system is going to be equal to the sum of the components of the magnitudes of the
tidal force caused by each (point) mass M

Aot = %cos 0, + %ﬂgncos 6, [for realising use of cos 6] [1]
2GMr, | (5 -2 5 2
=|=3 [(Z — cos <;b) 2cosf; + (Z + cos (;b) ? cos 92] [1] [5]

[If the student has a formula that ignores the 0 factor (or their equivalent notation) max 4
marks. This is one route — there are many other (much longer) ways and so accept any valid
approach that arrives at an algebraically equivalent expression e.g. using vectors with 7 the
unit vector horizontally (choosing it to be positive to the left in our diagram) and J the unit
vector vertically (choosing it to be positive downwards) then you can derive an expression
that avoids 6 and is purely dependent on ¢. Same first mark (diagram) then the remaining 4:

%= 52— cos)i+2(sing)] and % =x ==\/5—4cos¢ [1]

L — Y_I E __ 16GMr, ((2—cos §)I+(sinp)j | (2+cosp)i—(sin¢p)j
S Qpor = 2GMr, (ler + x‘z*) ~ T g3 ( (5—4 cos )2 (5+4 cos ¢)? )

16GMr, N
= R3(25-16 (cos $)?)? [((2 = cos $)(5 + 4 cos)? + (2 + cos $)(5 — 4 cos p)?)i

+sinp((5 + 4 cosPp)? — (5 — 4 cos p)?)J]

64GMT, - .
= m((zs —2cos2¢)T+ 10 (sin 2¢))) [1]

64GMT,
R3(17-8cos2¢)
This can be further simplified to =™ /629 — 92u — 96u2 = |—=M" __ /37 1 124

R3(17-8u)? R3(17-8u)3/2

||

/529 + 4 cos22¢p — 92 cos 2¢p + 100sin2 2¢p| [1]

. e JE—
~aorl =

where u = cos 2¢, although this simplification is not needed for the marks]



Use your equation to calculate the value of the maximum and minimum tidal acceleration
experienced by the sunlet at sunrise. [Hint: Consider the value of ¢ needed in each case.]

First we calculate M given the density of the disc is the same as the Earth’s average density

Mg _ 5.97x102% _ o
gnRé B §U(6.37><106)3 = 5514 kg m ”

1 1 1 R 1
& M =M = pgVaisc =5 PomR? (Z) = pgnR’

Py =

= % x 5514 X T X (8000 x 103)3 = 1.11 x 10%* kg [1]
For the maximum tidal acceleration
¢ =0 (orm) (so8; =6, =0) [0.5]

3 3
2GMr, (5 )_E (5 )_E 448GMr,
Sa = -—1 - 1 =
tot,max R3 [ 4 + 4 + 27R3

-11 24 4
— 448X6.67X107 7" X1.11X10°%X3.96X10 — 0.09501’1‘15_2 [1] [3.5]

27x(8000x103)3
For the minimum tidal acceleration
- — 0. = tan-1 (B2 = tan—1 (X
¢ = > (so8; =0, =tan ( B ) = tan (2)) [0.5]

3 3
< Atot,min = % [G - 0) ? cos (tan‘1 (%)) + G + 0) % cos (tan‘1 G))]
-11 24 4
_ 64GMr, _ 64x6.67x10 X 1.11x1024x3.96x10* _ [ram7e (1] (1.5]

25R3 25%(8000x103)3
[If the minimum tidal acceleration is calculated correctly first, then it is worth 3.5 marks and

the maximum tidal acceleration is 1.5 marks i.e. they swap. The mass may not be calculated
explicitly so award those marks if the working is clear in subsequent stages. If their formula
in the previous part does not include angle 6 (or equivalent) allow full ecf here — they will get
the same value for the maximum tidal acceleration, but a slightly overestimated value for

. . . 32GMr, - .
the minimum tidal acceleration of a;o¢ min = 5\/_TRZ =10.0164 m s~2|. Allow full ecf using

1, = 37.7 km which gives a;o¢ max = [0.905 m s™%|and Gro¢ min = 10.0140 m s™2| (or, if
leaving out ©, dyo¢ min = [0.0156 m s™2|)]

Compare these to the surface gravitational field strength of the sunlet, assuming it has the
same average density as the Sun, and comment on whether or not the sunlet will noticeably
change shape at sunrise in Discworld.

First we calculate the mass of the sunlet, given it has the same average density as the Sun

4 4 Mg 2 3.96x10*
M, =-mrdps = -1 —2 = = =
x = 3N Po = 3T IRy TS © ™ \6.96x108

=3.67 X 1017 kg [1]
Hence the surface gravitational field strength is

g, =27 =[0.0156 m 52 12

*

[Allow ecf using 1, = 37.7 km which gives M, = 3.18 X 1017 kg and g, =[0.0149 m s2||

As the tidal acceleration is comparable to (or several times greater than) the surface

3
) % 1.99 x 1030

gravitational field strength, |the sunlet WILL noticeably change shape at sunrise| [1] [1]

[Needs to have a clear reason based upon comparison between g, and a;,; to get this mark]

[The sunlet is actually within the Roche limit of the disc and so will form at least a teardrop
shape (known as a Roche lobe) at sunrise since 0.94g, < a;,: < 6.09g,. In fact, over the
course of a year the sunlet should completely disintegrate — lucky it’s fiction!]



Q3 - Heat Transfer in the Sun [35 marks]

a. Use the above information plus your own knowledge about the key differences between small and
large stars to qualitatively explain the pattern seen in Figure 4.

In this section the marks are for some attempt at an explanation for the five distinct environments,
so it is one mark for each row

Feature Explanation

Fully convective in High opacity due to low average star temperature (and relatively

small stars high average density)

Radiative core in Temperature is high enough for low opacity (and temperature

medium stars dependence of p-p chain is not steep enough)

Convective outer Temperature drops with increasing radius until opacity too high for

layers in medium stars | radiative transfer

Convective core in Hot enough for low opacity BUT CNO cycle is dominant and has

large stars extremely steep temperature dependence in the core (so convection
favoured)

Radiative outer layers | Still very hot for low opacity, and since now in p-p chain burning

in large stars shell the temperature dependence is no longer steep enough to
generate convective mixing

(5]
[Do not have to mention any changes in density for the marks — the dependence of opacity on
temperature is far more significant]

b. Consider a parcel of gas at a distance r from a star’s centre. It has pressure pyqs and density pgqs,
with initial values py and p, respectively. The pressure and density of the surrounding stellar
material will be denoted by p, and p, respectively. All of these variables are dependent on 7.

i If the parcel behaves adiabatically (i.e. no heat energy is exchanged between the parcel and
its surroundings, leading to pgqs(1)V;4s(r)Y = constant where V() is the volume of the

dpgas ’ _ dpgas
O and pgqs = O of the

form pges = B X pgqs Where B is an expression to be determined.

parcel and y is a constant), derive an equation relating péas =

First we need to use the given relations to connect the pressure and density of the gas

M 1 P
Vyas = —2% oc — =% = constant (1]
Pgas Pgas Pgas
Differentiating with respect to r
d (Pgas\ _ péas pgaspéas _
\7 - v v+ T 0 [1]
dr Pgas Pgas Pgas
This can be simplified to
I !
Pgas . Pgas =0 [1]
Pgas Pgas
pr =y Pgas p/ +B = % Pgas [1] [4]
gas Pgas gas Pgas

[Expect students to state B explicitly but still give credit if they get the correct final version of
Pgas and leave B implied]

ii.  State the condition for the parcel to rise by convection.

W
[Accept too since parcel of gas starts in equilibrium, also award MP3 in part (iii)]



C.

iii.  The parcel begins at equilibrium with its surroundings so p, = py and p, = pg. Use the ideal
gas law to relate the pressure p,, density p,, and temperature T, gradients (with respect to
r) in the star, and hence show that the condition for convection can be expressed as
rh e (01T
P« T

Pgas Pgas

From the ideal gas law

14 i T .
p? = constant -~ 22* = constant (rearranged with one eye on what we want)
d (p*T*) PiTe | puT!  puTuDL
===+ —=—-——=0 1
dr \ p. s s p? [l
pr_px T
= 1 2
p* p* T* [ ] [ ]
Since the parcel of gas begins in equilibrium, our convection condition from b.(ii) becomes
Pgas < P [Award this mark if student already wrote this in b.(ii)] [1]
Using our result from b.(i)
Pgas _ ’
<
YDgas Pgas < Px
. Pgas (Pi T*’)
. < == 1 2
YDPgas p‘gas P Px T [ ] [ ]

(this can then be rearranged to get the expression we are after)
[Since this is a ‘show that’, the marks are for the route rather than the final expression]

We can assume that as the parcel rises, it expands sufficiently quickly that it is always in
pressure equilibrium so that pgqs = ps. Also, p. = pgqs to a rough approximation, so the
inequality in this question can be rewritten in a more useful form as:

(1 T,
Ly
P« \Y T,

Given that the photon gas energy density (i.e. energy per unit volume), u = a X f(T, g, c) where o
is the Stephan-Boltzmann constant and @ = 4 (a dimensionless constant), use dimensional analysis
to find an expression for u in terms of these variables, and hence Cy,.

First we need to express all values in Sl base units

[ul] =Jm™3 =kgm 1572 [T] =K

[6]=Wm 2K *=kgs3K™* [c]=ms™1 [1]
Setting up the equations to allow for dimensional consistency

u=TPglc"

~lkglil=q [m]:—1=r [s]:—2=-3q—r [K]:0=p—4q [1]
Solving these gives

4 4
p=dqg=1r=-1 ~u=2 2T E)

c C
[Allow all the marks if they set up their equations in terms of J, m, s, K instead of all base units]

We can now work out Cy, by differentiating u with respectto T

d 160T3
= ﬁ = ‘C’ (1] [1]

Cy




d. Consider a beam of light of intensity I propagating across a short distance dx through the star. The
change in the intensity of the beam across this distance dI is proportional to the number of atoms
encountered as well as the number of photons doing the encountering.

Write an expression relating d/ to the density p, of the star as well as other parameters
provided. There should be a constant of proportionality k in your answer with dimensions of
length squared divided by mass; this is the opacity of the gas. Integrate this result to find an
expression for I(x), setting I(0) = I,.

From the given information (plus some dimensional analysis) it is clear that
dl « p, I dx
Introducing k and recognising the intensity is decreasing
dl = —kp,l dx [1]
[This mark can be gained by either this line or the one before if the student makes no further
progress]

Carrying out the integration by separating variables and using I, as the boundary condition
[3dl =—kp, fdx  [IG) = Ipe P 2

Using your result, evaluate the photon mean free path £, and hence write an expression for
the radiative flux L(r) that includes temperature, density, and opacity.

We know that dI o« probability of particle interacting between x and x + dx, so the
expected value can be calculated using the (normalised) standard result from statistics
fowxldx

T [1]
Evaluating the numerator using integration by parts
[P xIdx = fooo xlge~*P+X dx

? =

0
_ [loxe™*P** °°_ © Iy —Kpox
= [—_Kp* ]0 fo Kp*e dx
1 (o]
=0+mf0 Idx (1]
1 o]
e Id. K_f Idx
ap =R M e [ [
Jo 1dx Jo 1dx KPx

Hence, using our results for Cy, from c. in the given expression for 4, the radiative flux is
= 472297 = _ a2 (l )d_T
L(r) = —4nr ldr = —4nr 3 Cyftc =

2 (1 160T%® 1 dr
= —4nr |- X ——X XcC|)—
3 c KPx dr

64nr?oT? dT
3kp, dr

(1] (1]

Tgxe~KP=X]® . )
0xe ] = 0 if their second

[The second marking point can be awarded for recognising [

Px 0
integral is not correct meaning they make no further progress. Accept ecf on their

expression for Cy]



e.

Derive an expression for the rate at which energy is dissipated due to shear stresses in the
tachocline, in terms of h, u, R and A where R is the outer radius of the radiative zone and A is the
difference between the angular velocity of the convective zone at the equator and at the poles.
Hence evaluate this energy loss (to 1 s.f. in W) given h = 0.03 R, u =3 cm?s™, R = 0.7 R and
A=1x10"°rads™ .

Since the fictitious forces are entirely radial, they can be ignored for the purposes of this question.
To further simplify matters, we can parametrise the problem in termsof 8 = ¢ — m / 4 where ¢ is
latitude, so that the relative velocity u is zero when @ is zero. Let 1(8) be the angular velocity of the
convective zone and u(r, ) be the speed of rotation of the tachocline where r is the distance from
the centre of the sun.

(We will use partial differentiation here rather than implicit differentiation for simplicity, but this
does not change the final answer compared to if done more rigorously)

From the first two bullet points given
6 26
Q(6) _H_/ZA_?A (1]
From the third and fourth bullet points given
TR 20r(r—R)
u(r,0) = Q(G)Tr =——-7-7A

Th
Hence, using the relation given in the fifth bullet point

(1]

©(r,0) = w5 = S pAQ2r — R) (1]
The power dissipated across a volume element of area dA and height dr is given by

P = force X (relative) speed . dP = tdA X 3—1:dr [1]
The area element is

dA = 2n(r cos @) X r d6 = 27mr cos (9 + g) rdo [1]

Hence our expression becomes
ap =28 A(2r — R) X 27r cos (9 + E)r do x ﬁA(Zr —R)dr
n'h’u 4 mh

8
= -2 uA?02 cos (9 + g) d6 r2(2r — R)?dr [1]
For the total power we need to integrate over both 6 and r
/4 R+h
P=[[dP = zf_mdee x [, dPdr

8 /4 b4 R+h
= —ul? [2 f_n/492 cos (9 + Z) do x [, r?(2r — R)? dr]
Evaluating the first integral using the provided integration result (note: these limits mean it is just for
one hemisphere, corresponding to latitudes from o = 0to ¢ = g, hence the factor of 2 above)

/4 .o T _(m\? . w T .om_m o om
f—n’/49 COS(9+Z)d9_(Z) SlnE+ZZCOSO_251nE_1_6+E_2 [1]

Evaluating the second integral
Jo T?Q@r—R)*dr= [ "~ 4r*—4Rr® +R*r?dr
— |45 _p,4,1p2.3 R+
= [Sr Rr* + 3R r ]R
=2(R+h)* = R(R + )* + 3R*(R + h)* — RS + RS — ZR° [1]
Taking out a common factor of R® and then expanding the brackets to get the first order terms only
(since we know we only want the final result to 1 s.f and h << R)

R (4 2 e
() (1) 1) o1
= RS |47 —4p+7| = nR? [1]



Putting this all together for the final expression (and given there are two hemispheres)

UAZR*

_ 8 2 o 4] — 2 _
P=-"pn [2><(16+2 z)th]_ L (n? + 87 - 32) 1] [10]

Substituting the given values

_3x107*x(1x1076)*x(0.7x6.96x108)"
- X0.03X6.96X108 (m” + 8m — 32)

=7.736 Xx 1011 W ~ |8 x 10"* W| (must be 1 s.f. for this mark) [1] [1]

P

[This is only small compared to the luminosity of the Sun which is why the radiative and convective
zones have not yet reached a common rotational velocity and are unlikely to do so (due to this
resistive force) throughout the Sun’s life — it would need much greater dissipation for that]



